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Abstract
Linear equivalence is a criterion that compares submanifolds in the same homology
class. We show that, in the context of type II compactifications with D-branes, this
concept translates to the kinetic mixing between U(1) gauge symmetries arising in
the open and closed string sectors. We argue that in generic D-brane models such
mixing is experimentally detectable through the existence of milli-charged particles.
We compute these gauge kinetic functions by classifying the 4d monopoles of a
compactification and analyzing the Witten effect on them, finding agreement with
previous results and extending them to more general setups. In particular, we
compute the gauge kinetic functions mixing bulk and magnetized D-brane U(1)’s
and derive a generalization of linear equivalence for these objects. Finally, we apply
our findings to F-theory SU(5) models with hypercharge flux breaking.ar
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1 Introduction
Despite the progress made in the construction of realistic and semi-realistic 4d string
theory models [1], one of the main challenges that remains for string phenomenology is
to obtain model-independent, testable predictions. Lacking a principle that selects one
set of string vacua over the rest, a good chance to achieve a predictive framework is to
address those scenarios that are the most generic in the plethora of semi-realistic string
vacua, and to compute the most robust testable quantities associated to them.
In general, the most robust quantities of a string compactification are those of topo-
logical nature, which at low energies translate into basic field theory objects like the gauge
group and chiral matter content of the 4d effective action. In practice, building a string
model with a semi realistic gauge sector involves engineering a compactification whose
topology yields the chiral content of the Standard Model of Particle Physics (SM), plus
possibly a hidden gauge sector necessary to fulfill the consistency conditions of the theory.
Given this basic setup, one then proceeds to compute the many parameters that determine
the physics of the SM and beyond, with the expectation that the string model will provide
a natural explanation for their values as measured in current and future experiments.
In this sense, a good opportunity to achieve a predictive framework is to focus on
those parameters that are more robust from the field theory viewpoint, and which turn
out to depend on very few compactification data beyond the topological choices mentioned
above. Typical examples of this are holomorphic quantities in 4d supersymmetric theories,
like superpotentials or gauge kinetic functions. For instance, one may naturally achieve
hierarchical rank 3 holomorphic Yukawas by considering F-theory GUT vacua satisfying
a few topological relations [2–4]. Another promising direction is to consider the gauge
kinetic function mixing the hypercharge with an extra U(1) symmetry [5–27], since these
extra U(1)’s arise generically in string constructions, and there are a number of ongoing
experiments that could detect the related signatures.
Particularly interesting is the so-called milli-charged scenario, in which light particles
charged under a hidden U(1)h obtains a small electric charge due to the kinetic mixing of
U(1)h with the hypercharge [28]. Following the recent discussion in [27], one can achieve
such effect by considering a string compactification with two different gauge sectors. The
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first sector contains the SM and in particular the hypercharge U(1)Y , while the other sector
contains a hidden gauge group with a second massless U(1)h. One can easily visualize
this setup in terms of a standard class D-brane models (c.f. figure 1), where the visible
sector is localized in a set of D-branes wrapping p-cycles in a region of the compactification
manifoldM6, and the hidden sector arises from a second D-brane set located in a different
region. The fact that the two sets of D-branes are internally separated from each other
guarantees that there are no light particles charged under the visible and gauge sectors
simultaneously. Moreover, the gauge kinetic mixing χvh between the visible and hidden
U(1) will vanish at tree level. Nevertheless, there will be massive particles charged under
U(1)v = U(1)Y and U(1)h which, when integrated out, will generate one-loop corrections
to the mixing (see e.g. [13]). Finally, upon diagonalization of the gauge kinetic terms, light
matter charged under U(1)h will acquire a small hypercharge proportional to χvh [28].
U(1)v
U(1)h
U(1)b
Figure 1: D-brane realization of the milli-charged scenario.
While this is a rather general scenario, obtaining precise results depends crucially on
the computation of threshold corrections to the gauge kinetic mixing, which is technically
very difficult beyond simple toroidal orbifold compactifications. Moreover, generically the
quantity χvh will decrease for large separations of the visible and hidden sectors and small
values of the string coupling, and so in this regime its value could be quite small.
In the following we will describe a slight variation of this scenario resulting into an
alternative mechanism to generate milli-charged particles. As we will see below, these
new contributions can be computed by a simple geometric formula describing tree-level
local quantities, and so their effect could be more important than the one just described.
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1.1 RR photon mixing and linear equivalence
The variation comes from assuming the presence of a further U(1) gauge symmetry that
does not arise from the D-brane degrees of freedom, but rather from the Kaluza-Klein
reduction of the Ramond-Ramond closed string sector of the theory. Such bulk U(1)’s,
dubbed RR photons in [23], exist for generic choices of the compactification manifold
M6 and are natural sources of hidden U(1) gauge symmetries, because the only particles
charged under them are extremely heavy: namely D-branes wrapped on internal cycles
and point-like in 4d. Despite their hidden nature, these RR photons will mix kinematically
with the D-brane U(1)’s [10,21–23]. However, since there is no light particle charged under
them there is naively no measurable effect arising from their mixing with the hypercharge.1
Let us nevertheless consider the existence of a RR photon U(1)b living in the bulk and
its mixing with the D-brane photons U(1)v and U(1)h of figure 1. After normalizing the
gauge bosons we recover an effective Lagrangian of the form
L4d ⊃ −1
4
∑
i=v,h,b
F (i)µν F
(i)µν +
1
2
(
χvbF
(v)
µν F
(b)µν + χhbF
(h)
µν F
(b)µν
)
(1.1)
where we have assumed that χvh is negligible, although it can be easily reincorporated.
The two mixing terms can be eliminated by performing the change of basis
A′(v)
A′(h)
A′(b)
 =

√
1−χ2vb−χ2hb
1−χ2hb
0 0
− χvbχhb√
1−χ2hb
√
1− χ2hb 0
−χvb −χhb 1


A(v)
A(h)
A(b)
 (1.2)
and so, even if we started with no mixing χvh, the shift in the D-brane hidden gauge boson
A(h) induces a hypercharge on the light matter charged under U(1)h with a suppression
factor δeffvh =
χvbχhb√
1−χ2vb−χ2hb
compared to the SM particles. This effect is to be compared
with the factor δvh =
χvh√
1−χ2vh
that would arise if we only had a non-vanishing mixing
between the two D-brane U(1)’s, and naively it seems to be more suppressed than the
latter. Nevertheless, as we will see the kinetic mixing between closed and open string
U(1)’s is not a one-loop suppressed effect, and also that δeffvh is independent of the relative
1Still, in models with low energy supersymmetry hidden U(1) gauginos may mix with the MSSM
neutralinos and this could lead to new signatures at the LHC [29–32].
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separation between visible and hidden D-brane sectors. Hence it could be a comparable
or even stronger effect than the one considered in the standard milli-charge scenario.
Motivated by this observation, the aim of this present paper is to perform a systematic
study of the kinetic mixing between open and closed string U(1)’s in type II compacti-
fications, extending the previous analysis in [23]. Rather than (1.1) we will consider the
following U(1) action
S4d, U(1) = − 1
2κ24
∫
R1,3
Re(fpq)F
p
2 ∧ ∗4 F q2 + Im(fpq)F p2 ∧F q2 (1.3)
where κ24 =
l2s
4pi
, and ls = 2pi
√
α′ is the string length.2 This formulation encodes the
kinetic mixing and the θ angles of the theory in terms of the gauge kinetic function fpq,
a protected quantity in 4d supersymmetric theories. While in the following we will not
consider any particular scale of SUSY breaking, we will assume that supersymmetry is
at least restored at the compactification scale. This will not only guarantee the stability
of our constructions, but also that fpq is a holomorphic function of the 4d chiral fields
arising below that scale. It will moreover imply that, fixed the few topological data that
describe the scenario of figure 1, the kinetic function mixing open and closed string U(1)’s
will depend in relatively few compactification data.
In fact, we will find that the kinetic mixing Refpq = 4pi
χpq
gpgq
is closely related to the
mathematical concept of linear equivalence. In brief, for an open string U(1) to be massless
we need to satisfy certain topological conditions regarding the p-cycles wrapped by the
D-branes, roughly speaking that a certain linear combination of p-cycles is homologically
trivial [23]. Given such combination of p-cycles it is possible to draw a (p + 1)-chain Σ
connecting them. The requirement of linear equivalence can then be formulated by asking
that the integrals of certain harmonic bulk (p + 1)-forms over Σ vanish [33]. This is not
a topological condition, in the sense that it depends on the embedding of the p-cycles
inside their homology class, but it is a rather simple and robust quantity as it involves
integrals of harmonic forms over slices of the internal manifold M6. As we will see, such
integrals over the chain Σ are nothing but the gauge kinetic function mixing open and
closed string U(1)’s, in agreement with our expectations that these protected quantities
2In our conventions all the p-form potentials are dimensionless (except for the Dp-brane gauge field)
and the field strengths have dimension 1. By p-form dimension we mean the dimension of its components.
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should be easier to compute than many other 4d effective couplings, which is a promising
starting point to draw model-independent predictions out of them.
The paper is organized as follows. In section 2 we analyze the mixing between open and
closed string U(1)’s in type IIA models of intersecting D6-branes. We derive the expression
for the mixing by means of the Witten effect applied to the open string monopoles of the
compactification, which we classify in terms of relative homology groups. We describe
the relation of this kinetic mixing with the linear equivalence of 3-cycles, and provide an
expression to compute it in terms of p-form integrals over the compactification manifold.
In section 3 we extend this picture to type IIB compactifications with magnetized D7-
branes. Because these are equivalent to bound states of D-branes of different dimension,
the concept of linear equivalence is more complicated and we need to use the machinery
of generalized geometry to properly formulate the kinetic mixing. We finally apply these
results to F-theory SU(5) models where the hypercharge mixes with closed string U(1)’s.
We draw our conclusions in section 4.
Several technical details have been relegated to the appendices. Appendix A reviews
the definition of linear equivalence and several results relevant for our main discussion.
Appendix B analyzes in detail the M-theory lift a set of parallel D6-branes. Appendix C
contains the basic definitions of generalized homology relevant for the computations on
the main text and Appendix D spells out the details of one of them.
2 U(1) kinetic mixing for intersecting D6-branes
In this section we discuss the kinetic mixing between U(1)’s in type IIA orientifold com-
pactifications. In particular, we consider models made up of D6-branes wrapping special
Lagrangian cycles (sLags) of Calabi-Yau three-folds, and describe the kinetic mixing of
open string U(1)’s with RR U(1)’s. We derive the expression for such mixing by means
of the Witten effect, recovering the results of [23] from a purely type IIA perspective. We
then point out the relation between open string U(1)’s and the relative cohomology of the
compactification manifold, which allows to write down a simple supergravity formula for
the kinetic mixing between open and closed string U(1)’s. Finally, we discuss the relation
between open-closed kinetic mixing and linear equivalence of cycles (see appendix A).
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2.1 Type IIA Calabi-Yau orientifolds with D6-branes
Let us consider an orientifold of type IIA string theory on R1,3×M6 withM6 a Calabi-Yau
3-fold. The orientifold projection is obtained by modding out by the action Ωp(−1)FLσ
where Ωp is the worldsheet parity, FL is the space-time fermion number for the left-movers
and σ is an antiholomorphic involution of M6 acting as zi → z¯i on local coordinates,
which introduces O6-planes. Therefore, the action of the involution on the Ka¨hler form
J and holomorphic 3-form Ω of M6 is given by
σJ = −J, σΩ = Ω¯. (2.1)
The supersymmetry conditions for a D6-brane wrapping a 3-cycle pi in M6 are
J |pi = 0, Im Ω|pi = 0. (2.2)
Since the D6-brane charge lies in the homology group H3(M6,Z), cancellation of the total
charge in the compact internal space can be written as∑
α
Nα([piα] + [pi
∗
α])− 4[piO] = 0 (2.3)
where α is an index that runs over the set of branes, Nα is the total number of branes on
piα and pi
∗
α = σpiα is the cycle wrapped by the orientifold image of α. Finally, piO is the
fixed locus of the involution σ where the O6-planes lie and the factor −4 is due to the
O-plane RR charge, assumed to be negative.
The 4d massless spectrum that arises from the closed string sector of the compacti-
fication can be computed upon dimensional reduction of the 10d type IIA supergravity
action, and is given in terms of harmonic forms on M6. It is then useful to introduce a
basis of harmonic forms of definite parity under the involution σ,
σ−even σ−odd
2− forms ωi i = 1, . . . , h1,1+ ωiˆ iˆ = 1, . . . , h1,1−
3− forms αI I = 0, . . . , h1,2 βI I = 0, . . . , h1,2
4− forms ω˜iˆ iˆ = 1, . . . , h1,1− ω˜i i = 1, . . . , h1,1+
normalized such that∫
M6
ωi ∧ ω˜j = l6sδji ,
∫
M6
ωiˆ ∧ ω˜jˆ = l6sδjˆiˆ ,
∫
M6
αI ∧ βJ = l6sδJI . (2.4)
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For instance, in order to reduce to 4d the RR forms C3 and C5 one can expand them as
C3 = A
i
1 ∧ωi + Re(N I)αI (2.5)
C5 = C2,I ∧ βI + V1,i ∧ ω˜i (2.6)
where we have taken into account the intrinsic parity of C3 and C5 (respectively even
and odd) under the orientifold action. One then obtains that C3 gives rise to h
−
1,1 axions
Re(N I) and to h+1,1 gauge bosons A
i
1, while C5 contains their 4d dual degrees of freedom.
A convenient basis of harmonic p-forms is given by those that have integer cohomology
class, that is whose integrals over any p-cycle are integer numbers. In particular we
will choose the 2-forms ωi, ωiˆ such that [ωi] ∈ H2+(M6,Z), [ωiˆ] ∈ H2−(M6,Z).3 This
automatically implies that a D2-brane wrapping a 2-cycle Λ2 will have integer electric
charges under the RR U(1)’s. More precisely, a D2-brane wrapping a 2-cycle Λj2 whose
class is Poincare´ dual to [ω˜j] ∈ H4−(M6,Z) will have electric charge δji under the RR U(1)
generated by Ai1. Another consequence of this choice is that the gauge kinetic mixing for
RR U(1)’s takes the simple form [34]
fij = − i
2l4s
∫
M6
Jc ∧ ωi ∧ ωj = − i
2
KijkˆT kˆ (2.7)
where we have defined the complexified Ka¨hler moduli T kˆ by
Jc ≡ B2 + iJ = l2s T kˆωkˆ (2.8)
while
Kijkˆ ≡
1
l6s
∫
M6
ωi ∧ ωj ∧ ωkˆ (2.9)
are the triple intersection numbers, which in this basis are simply integers.
Regarding the open string sector of the compactification, the 4d massless spectrum
that arises from a single D6-brane α wrapping a 3-cycle piα is given by
Aα1 =
pi
ls
(A4d,α1 + θ
j
α ζj) (2.10)
φα = φ
j
αXj (2.11)
3In general H2(M6,Z) may not decompose as H2+(M6,Z)⊕H2−(M6,Z), but the latter may only be a
sublattice of the former. In this case one should introduce appropriate factors of 2 in (2.4). To simplify in
the following we will assume that (2.4) holds even if [ωi], [ω˜
i], [ωiˆ], [ω˜
iˆ] all belong to integer cohomology.
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where A4d,α1 is a 4d gauge vector field (we will henceforth suppress the superscript 4d)
4.
Moreover, θjα are the components of the corresponding Wilson line moduli with
ζj
2pi
∈ Harm1(piα,Z) (2.12)
and φjα are the D6-brane position moduli, namely the components of a normal deformation
of the brane preserving the sLag conditions (2.2) with
Xi ∈ N(piα) such that LXiJ = LXiImΩ = 0 (2.13)
where LXi is the Lie derivative along Xi. These two scalar fields together form a 4d
complex modulus, namely
Φjα = θ
j
a + λ
j
iφ
i
α (2.14)
with λji a complex matrix relating {ζj} and {Xi} and defined by
ιXiJc|piα = λjiζj (2.15)
where Jc is the complexified Ka¨hler form (2.8). It is straightforward to generalize this
spectrum to the case of a stack of Nα D6-branes wrapping piα, so that the 4d gauge
group is given by U(Nα) and Φ
j
α transform in its adjoint representation. Finally, 4d
chiral multiplets may arise from the transverse intersections of piα with its orientifold
image pi∗α as well as with other 3-cycles wrapped by the remaining D6-branes of the
compactification [1, 35].
2.2 Separating two D6-branes
In order to discuss kinetic mixing between open an closed string U(1)’s let us follow [23]
and first consider type IIA strings on R1,3 ×M6, without any orientifold projection, and
suppose that we have two D6-branes a and b wrapping the same sLag 3-cycle pia = pib. This
leads to a gauge group U(2) in 4d, which breaks down to U(1)a × U(1)b when these two
3-cycles are separated. However, only a linear combination of these two U(1)’s remains
massless at low energies, while the other one becomes massive due to the Stu¨ckelberg
mechanism.
4The 1ls is introduced to keep A
4d,α
1 and θ
j
α dimensionless and the factor of pi for later convenience.
The field φja is related to the normal coordinate by y
j
a =
ls
2 φ
j
a so it is also dimensionless.
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Indeed, let us consider the CS action for a single D6-brane wrapping a 3-cycle piα, which
is obtained from a 3-cycle pi after a small normal deformation of the form φα = φ
j
αXj.
5
We have that (see [21–23] for further details)
SαCS ⊃ µ6
∫
R1,3×piα
[
Fα2 ∧C5 +
1
2
Fα2 ∧Fα2 ∧C3
]
(2.16)
= µ6
∫
R1,3×pi
eLφα
[
Fα2 ∧C5 +
1
2
Fα2 ∧Fα2 ∧C3
]
with µ6 =
2pi
l7s
the D6-brane charge, Lφα = φjαLXj the Lie derivative along such deformation
and Fα2 = l
2
s
2pi
Fα2 + B2. In the absence of orientifold projection the RR 5-form potential
C5 has the expansion
C5 = C2,I ∧ βI + C˜I2 ∧αI + V1,i ∧ ω˜i (2.17)
where now i = 1, . . . , h1,1 runs over all harmonic 2-forms in M6. We now consider two
3-cycles pia and pib that are deformations of pi and wrap a D6-brane on each of them. The
full CS action then contains the following piece
SaCS + S
b
CS ⊃
pi
l6s
[∫
R1,3
(F a2 + F
b
2 )∧C2,I
∫
pi
βI +
∫
R1,3
(F a2 + F
b
2 )∧ C˜I2
∫
pi
αI
]
(2.18)
where we have used that the integrals of βI , αI only depend on the homology class of the
3-cycle, and in particular that
∫
pi
eLφαβI =
∫
pi
βI , same for αI . For a non-trivial [pi] some
of these integrals will be non-vanishing, and so the combination U(1)a+U(1)b will develop
a BF coupling and therefore a Stu¨ckelberg mass, while the orthogonal combination
U(1)(a−b) =
1
2
[U(1)a − U(1)b] (2.19)
will remain massless.
We can now read off the kinetic mixing of (2.19) with the RR U(1)’s from the remaining
terms of SaCS + S
b
CS. For this it is useful to consider the following expansion for the RR
potentials
C3 = A
i
1 ∧ωi + . . . (2.20)
C5 = A˜
i
1 ∧ ∗6 ωi + . . . (2.21)
5Such normal deformation should be small enough so that pi and piα have the same topology, and in
particular the same number of non-trivial 1-cycles.
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where the dots represent terms that do not contain 4d gauge bosons. This new expansion
for C5 is chosen so that ∗4FRR,i2 ≡ ∗4dAi1 = dA˜i1. Plugging the expansion (2.21) into
(2.16) and projecting into the combination F
(a−b)
2 ≡ 12 [F a2 − F b2 ] we obtain
SaCS + S
b
CS ⊃ −
pi
2l5s
∫
R1,3
F
(a−b)
2 ∧ ∗FRR,i2
∫
pi
(ιφaJ − ιφbJ) ∧ ωi + . . . (2.22)
where we have only kept terms linear in the deformations φα. Here we have used that
Lφ = dιφ + ιφd and that ∗6ωi = biJ2 − J ∧ ωi with bi = (3
∫
M6 ωi ∧ J2)/(2
∫
M6 J
3). Using
the definition (2.15) we can recast this result as
Refi(a−b) =
1
4l3s
(φka − φkb ) Im(λjk)
∫
pi
ζj ∧ ωi (2.23)
where the basis of 1-forms {ζj} is defined as in (2.12).
The imaginary part of fi(a−b) is obtained from plugging (2.20) into (2.16), which gives
SaCS + S
b
CS ⊃
pi
2l5s
∫
R1,3
F
(a−b)
2 ∧FRR,i2
∫
pi
[
(θja − θjb)ζj + (ιφaB − ιφbB)
] ∧ ωi + . . . (2.24)
where we have again integrated by parts and kept terms linear in the deformations.
Comparing to the general expression (1.3) we conclude that
Imfi(a−b) = − 1
4l3s
[
(θja − θjb) + (φka − φkb ) Re(λjk)
] ∫
pi
ζj ∧ ωi (2.25)
Adding this result to (2.23) we obtain
fi(a−b) = − i
4l3s
(Φja − Φjb)
∫
pi
ζj ∧ ωi (2.26)
which as expected is a holomorphic function of the D6-brane moduli. Notice that the
mixing vanishes for Φja = Φ
j
b, which corresponds to the case where the two branes are on
top of each other and the gauge group enhances to SU(2).
In order to arrive at (2.26) we assumed that pia and pib are obtained from deforming
the same 3-cycle pi. As a result, they are not only in the same homology class but are
also homotopic. However, since the vanishing of the Stu¨ckelberg mass depends only on
the homology of the cycles and not on their homotopy class, one would like to have an
expression for the kinetic mixing that applies in the general case. In [23] such a formula
was found to be
fi(a−b) = − i
2l4s
∫
Σ
(
Jc +
l2s
2pi
F˜
(a−b)
2
)
∧ωi (2.27)
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where Σ is a 4-chain such that ∂Σ = pia − pib, and F˜ (a−b)2 is such that∫
Σ
F˜
(a−b)
2 ∧ωi ≡
[∫
pia
Aa1 ∧ωi −
∫
pib
Ab1 ∧ωi
]
. (2.28)
It can be easily shown that this 4-chain expression reproduces (2.26) for homotopic branes.
Moreover, following [23] one can see that the kinetic mixing needs to be of the form (2.27)
by performing the M-theory lift of these compactifications. In the next section we will
arrive at (2.27) from yet a different viewpoint, without using any M-theory lift.
Notice that the open-closed kinetic mixing vanishes if∫
pi
ωi ∧ ζj =
∫
ρj
ωi = 0 (2.29)
where the 2-cycle ρj ⊂ pi is Poincare´ dual to ζj. This is true only if none of the 2-cycles
of pi is non-trivial in M6. By the results of [33], this is equivalent to saying that the
3-cycles pia and pib are linearly equivalent. Hence, in the present case linear equivalence of
D-branes translates into a vanishing kinetic mixing with RR photons, as advanced in the
introduction. In the following sections we will see how this statement can be generalized
to more involved D-brane configurations.
Orientifolding
Let us now include the effect of the orientifold projection. Because in this case C5 has
the expansion (2.6), instead of (2.18) we obtain
SaCS + S
a∗
CS + S
b
CS + S
b∗
CS ⊃
1
2
pi
l6s
∫
R1,3
(F a2 + F
b
2 )∧C2,I
[∫
pi
βI −
∫
pi∗
βI
]
(2.30)
=
pi
l6s
∫
R1,3
(F a2 + F
b
2 )∧C2,I
∫
pi
βI
where the extra factor of 1/2 arises due to the orientifold projection, and we have used the
fact that Fα∗ = −Fα for the 7d gauge field. As a result, now U(1)a + U(1)b will develop
a Stu¨ckelberg mass if and only if [pi] 6= [pi∗].
Let us assume that this is the case and compute the kinetic mixing for the massless
U(1) (2.19), for which one can obtain expressions similar to the unorientifolded case.
Indeed, we have that
SaCS + S
a∗
CS + S
b
CS + S
b∗
CS ⊃
pi
2l5s
∫
R1,3
F
(a−b)
2 ∧FRR,i2 · (θja − θjb)
∫
pi
ζj ∧ ωi (2.31)
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from where we can deduce that the kinetic mixing again takes the form (2.26). In terms
of a 4-chain formula we would again arrive to (2.27), with the only difference that now Σ
is defined by ∂Σ = pia − pib − pi∗a + pi∗b .6
On the other hand, for [pi] = [pi∗] both U(1)a and U(1)b remain massless. One should
then be able to write the kinetic mixing of each U(1)α with the RR U(1)’s individually.
Indeed, one finds that the expression analogous to (2.27) is
fiα = − i
2l4s
∫
Σα
(
Jc +
l2s
2pi
F˜α2
)
∧ωi (2.32)
where Σα is defined in the covering space M6 and satisfies ∂Σ′α = piα − pi∗α.
2.3 Kinetic mixing via the Witten effect
Let us now describe an alternative derivation for the kinetic mixing formula (2.27), based
on the Witten effect [36]. This effect is the fact that for U(1) gauge theories that break
CP and contain magnetic monopoles, the latter acquire an electric charge proportional
to the CP breaking term. For theories whose CP violating effect is a θ-term this electric
charge can be computed exactly, namely
QE = − θ
2pi
e. (2.33)
This can be generalized to theories that contain multiple U(1)’s and whose action is
described by (1.3). The lattice of charges is then [37]
QEI = n
e
I − ImfIJ nmJ (2.34)
QMI = n
m
I
where I = 1, . . . , K runs over the set of massless U(1)’s and nIe ∈ Z/2, nIm ∈ Z are the
charges that appear in the action when we include this particle. In other words, including
a particle with charges (neI , n
m
I ) amounts to consider the action
S = S4d, U(1) +
4pi
ls
QEI
∫
W
AI +
4pi
ls
Q˜MJ
∫
W
A˜J (2.35)
where W is the worldline of the 4d particle, dA˜I = ∗4dAI and Q˜MJ = −RefJIQMI .
6In this case the 4-chain sigma can be divided into two pieces as Σ = Σab−Σ∗ab, where ∂Σab = pia−pib
and Σ∗ab is its orientifold image.
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The basic strategy to determine the open-closed U(1) mixing will be to consider the
4d magnetic monopoles of D6-brane U(1)’s and compute their electric charges QEi under a
closed string U(1)i. Given the above facts, such electric charge should be proportional to
the imaginary part of the gauge kinetic function computed in previous sections. Moreover,
by looking to the couplings of these monopoles to other closed string U(1) magnetic
generators A˜i1 we will also be able to obtain the real part of the mixing. As before we will
first consider the case of parallel D6-branes without O6-planes and subsequently include
the orientifold projection.
Considering again the system of two homotopic D6-branes wrapping pia and pib, the
4d monopole with unit charge under U(1)a−b = 12 [U(1)a − U(1)b] is given by a D4-brane
wrapping W × Σ, where W is the worldline of the monopole in 4d and ∂Σ = pia − pib. In
order to compute the electric charge under the closed string U(1)’s we can dimensionally
reduce the D4-brane CS action to obtain
SD4CS ⊃ µ4
∫
W×Σ
C3 ∧FD4 = µ4
∫
W×Σ
Ai1 ∧ωi ∧FD4 =
4pi
ls
QEi
∫
W
Ai1 (2.36)
where the electric charges are given by
QEi =
1
2l4s
∫
Σ
FD4 ∧ωi. (2.37)
This term is precisely (minus) the imaginary part of the mixing in (2.27). In particular,
the field strength in FD4 = B2 + l2s2piFD42 is such that FD42 |piα = Fα2 , as the monopole must
interpolate between the two D6-brane configurations. More precisely, FD42 is the curvature
of a line bundle on Σ such that on its boundary ∂Σ it reduces to the line bundles on the
corresponding D6-brane. Such line bundle is nothing but the Wilson lines Aα1 , and so
one recovers (2.28) by simply identifying F˜
(a−b)
2 with F
D4
2 . Notice that (similarly to the
4-chain Σ) there are many FD42 that have the appropriate boundary conditions. As we
will see in the next section the line bundle extension FD42 appears naturally in the context
of generalized complex geometry.
Let us now consider the coupling of this monopole to the 4d dual vector boson A˜i1 that
appears in the expansion (2.21) of the RR potential C5. Looking at the appropriate term
on the D4-brane CS action we obtain
SD4CS ⊃ µ4
∫
W×Σ
C5 = −µ4
∫
W×Σ
A˜i1 ∧ J ∧ωi = −
4pi
ls
Refi(a−b)
∫
W
A˜i1 (2.38)
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where we have again used that ∗6ωi = biJ2 − J ∧ ωi and assumed that bi = 0, which will
be automatically satisfied in the orientifold case. We then have that the real part of the
mixing is given by
Refi(a−b) =
1
2l4s
∫
Σ
J ∧ωi (2.39)
which as expected reproduces (2.27). Alternatively, we could have interchanged the role
of the dual vector bosons Ai1 ↔ A˜i1 and applied the Witten effect to obtain this result.
Notice that in this derivation we do not need to assume that the two 3-cycles pia
and pib are homotopic, nor that they relatively close to a reference 3-cycle pi. The only
requirement is that they are homologous so the Stu¨ckelberg mass vanishes and a 4-chain
Σ exists. This then provides an alternative way to derive the expression (2.27) from first
principles without having to perform the lift to M-theory. Finally, it is straightforward
to extend this derivation to the orientifold case and again obtain (2.27), except that now
the 4-chain Σ and the field strength FD42 should connect the 3-cycles piα and pi
∗
α.
2.4 General case
It is clear how to generalize these results to arbitrary D6-brane configurations. Indeed, let
us consider K stacks of D6-branes, each stack containing Nα D6-branes wrapped on piα
and their corresponding orientifold images on pi∗α, and such that the RR tadpole condition
(2.3) is satisfied. We will find a massless U(1)X for each linear combination
piX =
K∑
α=1
nXαNαpiα, nXα ∈ Z (2.40)
such that [piX ] − [pi∗X ] is trivial in H3(M6,R).7 Thus, the number of massless U(1)’s is
given by K−r where r is dimension of the vector subspace generated by [piα]− [pi∗α] within
H−3 (M6,Z). In order to fix the normalization we pick a basis of U(1)’s given by
Uˆ(1)α =
1
Lα
K∑
β=1
nαβ U(1)β (2.41)
with nαβ ∈ Z such that g.c.d(nα1, nα2, . . . , nlK) = 1 for all α = 1, . . . , K and orthogonal,
namely nαγnγβ = Lαδαβ.
7If [piX ]− [pi∗X ] is trivial in H3(M6,R) but not in H3(M6,Z) then for this U(1) to be massless it must
have a component of RR U(1) [23]. Throughout this section we assume that Tor H3(M6,Z) = 0 so that
this possibility is not realized, but we will consider it again in section 3.5.
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For a massless U(1)X we can associate the formal linear combination of 3-cycles (2.40),
and we know that there exists a 4-chain ΣX such that ∂ΣX = piX − pi∗X . Wrapping a D4-
brane on ΣX corresponds to considering a 4d magnetic monopole of Uˆ(1)X which, due to
the normalization (2.41), has magnetic charge nmX = 1. Dimensionally reducing the CS
action for such monopole we will find its charges with respect to the closed string U(1)’s
from where we can read off the kinetic mixing, namely
fiX =
1
2 l4s
∫
ΣX
(J − iFD4) ∧ ωi (2.42)
where the integral is evaluated in the covering space. This expression is slightly subtle in
the sense that it may depend on some discrete choices related to the pair (ΣX ,FD4). Such
subtleties can be easily removed after a proper understanding of the space of monopoles
of the compactification, as we discuss in the following.
2.5 Monopoles and relative homology
Besides the general formula (2.42) for the gauge kinetic mixing between open and closed
string U(1)’s, the previous discussion gives us an overall picture of the set of monopoles
that appear in type IIA compactifications with D6-branes. On the one hand, monopoles
charged under closed string U(1)’s are classified by D4-branes wrapping orientifold-odd
4-cycles, or in other words by the homology group H−4 (M6,Z). On the other hand, open
string U(1) monopoles are classified by D4-branes wrapping odd 4-chains ΣX ending
on the D6-branes 3-cycles piα and their orientifold images pi
∗
α, whose formal union we
will denote as piD6. The appropriate homology group that classifies such 4-chains is the
relative homology group H−4 (M6, piD6,Z), which includes H−4 (M6,Z) as a subgroup. In
fact, we can identify H−4 (M6, piD6,Z) as the lattice of integral U(1) magnetic charges, that
contains not only monopoles charged under open string U(1)’s and closed string U(1)’s,
but also bound states of those.
Indeed, notice that the formula (2.42) is slightly ambiguous, in the sense that we can
have two different 4-chains ΣX and Σ
′
X with the same boundary, and so the expression for
the rhs integral could be different for ΣX and Σ
′
X . Let us temporarily simplify this formula
by setting FD4 = B. Then, if these two chains differ by a trivial 4-cycle (that is if they
belong to the same class of H−4 (M6, piD6,Z)) then we have that
∫
ΣX
Jc ∧ ωi =
∫
Σ′X
Jc ∧ ωi
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and so we get the same result for the rhs of (2.42) independently of which chain we choose.
If on the other hand ΣX and Σ
′
X differ by a 4-cycle Λ
j
4 such that [Λ
j
4] ∈ H−4 (M6,Z), then
the two integrals will differ by
− i
2l4s
∫
Λj4
Jc ∧ ωi = − i
2l4s
∫
M6
Jc ∧ ωi ∧ ωj = fij (2.43)
where ωj is Poincare´ dual to Λ
j
4 and represents a closed string U(1)j, and fij is the kinetic
mixing (2.7) between U(1)i and U(1)j. The correct way to interprets this fact is that, if
a D4-brane wrapping ΣX corresponds to a 4d monopole with unit charge under U(1)X ,
then a D4-brane wrapping Σ′X has unit charge under U(1)X but also under U(1)j, and so
it is equivalent to a bound state of open and closed string U(1) monopoles. Therefore, via
the Witten effect it will obtain a electric and magnetic charge under U(1)i which is not
given by the kinetic mixing fiX , but rather by the sum of mixings fiX + fij, see eq.(2.34).
In general, it is easy to see that the integral
∫
ΣX
Jc∧ωi will only depend on the homology
class [ΣX ] ∈ H−4 (M6, piD6,Z) which as stated before is nothing but the lattice of integral
U(1) magnetic charges of the 4d effective theory. Hence, in order to properly use eq.(2.42)
we first need to take a basis for H−4 (M6, piD6,Z) and identify those 4d monopoles that
have unit charge under U(1)X but no integer charge under the closed string U(1)’s, and
then apply eq.(2.42) with a 4-chain ΣX in the corresponding relative homology class.
Let us now restore the full dependence of FD4 in (2.42) and let us see which further
source of ambiguity that gives. Even if we keep ΣX within the same relative homology class
there are infinite discrete choices of FD42 such that the appropriate boundary conditions∫
ΣX
FD42 ∧ ωi =
∫
ΣX
F˜X2 ∧ ωi ≡
1
LX
K∑
β=1
nXβ
∫
piβ
Aβ1 ∧ ωi (2.44)
are satisfied. Indeed, let us consider the case where the 4-chain ΣX contains a non-trivial
2-cycle Λj2 such that [Λ
j
2] is also non-trivial in H
+
2 (M6,Z). By Poincare´ duality on ΣX ,
one may then consider a 2-form F j2 on ΣX which is the curvature of a vanishing line
bundle on ∂ΣX and satisfying ∫
ΣX
F j2 ∧ γ =
∫
Λj2
γ (2.45)
for any closed 2-form γ onM6. Then it is easy to see that if one takes FD42 = [FD42 ]0+nF j2
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with [FD42 ]0 satisfying (2.44), eq.(2.37) reads
QEi =
1
4pil2s
∫
ΣX
F˜X2 ∧ ωi + n δij (2.46)
where we have assumed that [Λj2] is Poincare´ dual to [ω˜
j] and so
∫
Λj2
ωi = δ
ij. This result
is easily interpreted as the fact that the piece of flux nF j2 induces a the charge of n D2-
branes wrapping Λj2 on the D4-brane on ΣX , so this D4-brane is actually a 4d particle
with unit magnetic charge under Uˆ(1)X and electric charge n under U(1)j. Therefore
comparing (2.34) and (2.46) one concludes that Im fiX = − 12l4s
∫
ΣX
(
B + l
2
s
2pi
F˜X2
)
∧ ωi and
that in eq.(2.42) FD42 must not induce any non-trivial D2-brane charge.
To summarize, we find that the set of monopoles in a type IIA orientifold compact-
ification is classified by the relative homology group H−4 (M6, piD6,Z), where pi6 is the
formal sum of the D6-brane locations. The dimension of this lattice is the total number
of massless U(1)’s, open and closed, of the compactification, and so in some sense the
space of 4d U(1)’s should also be classified by this same relative homology group. This is
rather natural if we interpret the whole discussion above from the viewpoint of M-theory.
Indeed, lifting the type IIA compactification to M-theory in a 7-dimensional manifold
M7 we have that H−4 (M6, piD6,Z) lifts to the homology group H5(M7,Z), and that the
U(1) magnetic monopoles become M5-branes wrapping non-trivial 5-cycles in M7 (see
appendix B for a simple example of this lift). The U(1)’s themselves are classified by
harmonic 2-forms in M7, hence (assuming no torsion in homology) by the Poincare´ dual
group H2(M7,Z). Finally, in M-theory the kinetic mixing between U(1)’s is given by the
simple formula
fαβ = −2pii
l9M
M I
∫
M7
φI ∧ ωα ∧ ωb (2.47)
where lM is the M-theory characteristic length and φI , I = 1, . . . , b3(M7) runs over the
harmonic 3-forms of M7, and M I are the complex moduli associated to them. Follow-
ing [23], from this formula one can reproduce not only the gauge kinetic mixing between
type IIA closed string U(1)’s (2.7), but also the mixing between open and closed string
U(1)’s (2.42). In the following we will make this last connection more precise, by charac-
terizing open string U(1)’s by 2-forms onM6, that instead of representatives ofH2(M6,Z)
belong to the cohomology H2(M6 − piD6,Z), related by Lefschetz duality to the group
H4(M6, piD6,Z) classifying the monopoles.
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2.6 Open-closed U(1) mixing and linear equivalence
The concept of linear equivalence is usually formulated to relate different p-cycles pip of a d
dimensional manifold Md, being stronger than equivalence in homology. While typically
one applies this concept to divisor submanifolds of a complex manifold, one may extend
such definition to more general cases following [33] or the discussion in Appendix A.
Indeed, let us consider two p-cycles piap and pi
b
p that live in the same homology class of
Md. One can then write down the differential equation
d$(a−b) = δd−p(piap)− δd−p(pibp) (2.48)
where δp−d(piαp ) is a bump (d− p)-form localized on top of the p-cycle piαp and transverse
to it. Because [piap ] = [pi
b
p] we know that $ is globally well-defined (d− p− 1)-form. While
there are in principle many solutions to this equation, one may in addition require that
d∗$(a−b) = 0 and
∫
Λd−p−1
$(a−b) ∈ Z (2.49)
which fixes $ up to an harmonic representative of the cohomology group Hd−p−1(Md,Z).
From a mathematical viewpoint, this allows to identify $ as the connection of a gerbe.8
From a physical viewpoint we will see that they are natural conditions when we want to
relate $ with an open string U(1).
Given (2.48) and (2.49), it is easy to see that $ admits the following global Hodge
decomposition
$(a−b) = ω + d∗H (2.50)
where ω is a harmonic (d−p−1)-form and Hd−p is a globally well-defined (d−p) form. We
then say that the two p-cycles piap and pi
b
p are linearly equivalent if [ω] ∈ Hd−p−1(M6,Z),
or in other words if the two components of $ are separately quantized.
While the above definition is rather abstract, one may detect linear equivalence in a
rather simple way as follows. Given the two p-cycles piap and pi
b
p let us construct a (p+ 1)-
chain Σ(a−b) such that ∂Σ(a−b) = piap − pibp. Then, from the discussion in Appendix A one
can see that ∫
Σ(a−b)
ω˜p+1 =
∫
M6
ω˜p+1 ∧$(a−b) mod Z (2.51)
8One may actually drop the condition d∗$(a−b) = 0, which amounts to take a harmonic representative
of the group Hd−p−1(Md − {piap ∪ pibp},Z). We will however maintain it as it simplifies the discussion.
19
for any closed (p + 1)-form ω˜p+1 with integer cohomology class [ω˜p+1] ∈ Hp+1(M6,Z).
Moreover, if ω˜p+1 is harmonic we have that we can replace $
(a−b) → ω in the rhs of
(2.51). Hence if we take ω˜p+1 to be harmonic and with integer homology class we have
that piap and pi
b
p are linearly equivalent if and only if∫
Σ(a−b)
ω˜p+1 ∈ Z ∀Σ(a−b) such that ∂Σ(a−b) = piap − pibp (2.52)
Actually, this criterion for linear equivalence can be refined if we restrict the class
of chains that enter into eq.(2.52), and such refinement will allow to relate the above
definitions with the computation of open-closed U(1) kinetic mixing. For concreteness,
let us consider a simple case of interest discussed in the previous sections. Namely, we
consider two D6-branes wrapping two homologous 3-cycles pia3 and pi
b
3 of M6. One can
then write the differential equation
d$
(a−b)
2 = δ3(pi
a
3)− δ3(pib3) (2.53)
which is nothing but (2.48) for the particular case d = 6, p = 3. Requiring that $2 is
co-closed and quantized as in (2.49) one obtains
$
(a−b)
2 = c
jωj + d
∗H (2.54)
where {ωj} is a basis of harmonic 2-forms with integer cohomology class and cj ∈ R. This
definition of $2 only fixes the value of c
j mod Z, and so one can always define $2 such
that cj ∈ [0, 1), ∀ j. With this choice there is a 4-chain Σ(a−b) such that∫
Σ(a−b)
ω˜ =
∫
M6
ω˜ ∧$(a−b)2 (2.55)
for any closed 4-form ω˜, and without the need of the mod Z that appears in eq.(2.51).
We can also see (2.55) as a consequence of Lefschetz duality between the groups
H4(M6, pia3 ∪ pib3,Z) and H2(M6 − {pia3 ∪ pib3},Z). Indeed, the 2-forms (2.54) are har-
monic representatives of the cohomology group H2(M6 − {pia3 ∪ pib3},Z), which contains
H2(M6,Z). Changing the value of the coefficients cj by an integer number amounts to
change the cohomology class by an element of H2(M6,Z), so choosing cj ∈ [0, 1), ∀ j
means choosing a particular class in H2(M6−{pia3 ∪pib3},Z). Then, restricting the 4-chain
Σa−b to the dual class in H4(M6, pia3 ∪pib3,Z) allows to write down (2.55) without any mod
Z ambiguity.
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As we saw when discussing monopoles, restricting the 4-chain Σ to a particular relative
homology class is also needed when computing the open-closed kinetic mixing from the
chain integral (2.42). In fact one can see that, if we ignore the contribution of the Wilson
lines, in the present case such chain integral reads
− i
2l4s
∫
Σ(a−b)
Jc ∧ ωi = − i
2l4s
∫
M6
Jc ∧ ωi ∧$(a−b)2 = −
i
2
KijkˆT kˆcj = fijcj (2.56)
Finally, for cj ∈ [0, 1) linear equivalence between pia3 and pib3 amounts to require that cj = 0,
∀ j. That is, the equivalence pia3 ∼ pib3 corresponds to the vanishing of the kinetic mixing
fi(a−b) of 12 [U(1)a − U(1)b] with any U(1)i from the closed string sector.
All this discussion can be easily generalized for the case where we have more than two
D6-branes wrapping 3-cycles the same homology class. For each massless U(1)X of the
open string sector given by a linear combination of 3-cycles (2.40) such that [piX ] = 0 we
can define the 2-form $X by
d$X =
∑
α
nXαNαδ3(piα) (2.57)
and such that $2 co-closed and has integer relative homology class. This fixes $X to be
of the form (2.54), where again we impose that cj ∈ [0, 1). Then we find that the kinetic
mixing between U(1)X and a U(1)i of the closed string sector is given by
fiX = − i
2l4s
∫
M6
Jc ∧ ωi ∧$X (2.58)
which vanishes if the combination piX is linearly trivial, since then c
j = 0, ∀ j. Notice
that (2.58) reduces to (2.42) if we replace
∫
M6 $X∧ →
∫
ΣX
, and then take FD4 = B|ΣX
to ignore the Wilson line dependence. Finally, one can generalize this expression to the
case of orientifold compactifications by modifying (2.57) in the obvious way and by taking
$X with the appropriate orientifold parity, or more precisely by taking into account that
[$X ] ∈ H2+(M6 − piD6,Z).
To summarize, in the absence of Wilson lines, the vanishing of the gauge kinetic
function fiX that mixes open and closed string U(1)’s corresponds to the linear equivalence
of the two or more cycles that define the open string U(1). The actual expression for this
gauge kinetic mixing can either be expressed via a chain integral as in (2.42) or as an
integral all over the compactification manifold as in (2.58). The later is suggestive in
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the sense that it resembles the well-known expression for the closed-closed kinetic mixing
(2.7), with the difference that now the open string U(1) is represented by $X , which is a
harmonic representative of H2+(M6 − piD6,Z).
As we have seen, the equality between linear equivalence and vanishing kinetic mixing
is no longer true when we take the Wilson line dependence into account, and one needs
to define a generalized notion of linear equivalence. Nevertheless, we will see that even in
this case one is able to express the open-closed gauge kinetic mixing as an integral of the
form (2.58) over the whole compactification manifold. In order to do that, however, we
first need to discuss the role played by relative cohomology groups in the computation of
gauge kinetic functions.
2.7 Wilson lines and relative cohomology
Generically, a D6-brane Wilson lines correspond to harmonic one-forms ζ on a 3-cycle pi
whose one-cycles are trivial in the homology of the ambient space M6. Because of that,
we cannot relate ζ to any closed one-form ofM6. Nevertheless, the Poincare´ dual 2-cycle
ρ of ζ in pi can be nontrivial in M6 and, if this is the case, such Wilson line will enter in
the gauge kinetic functions fiX mixing open and closed string U(1)’s. One way to detect
this is by looking at the field strength FD4 of the appropriate open string monopole, which
will depend on this Wilson line and so will the kinetic mixing via (2.42). Physically, due
to the Wilson line ζ one must induce a D2-brane charge along ρ on the D4-brane which
is the 4d open string monopole, and this translates into a open-closed θ angle via the
Witten effect.
The appropriate way to incorporate this effect into a formula of the form (2.58) is via
the use of relative cohomology groups. Let in particular look at the relative cohomology
Hn(M6, piD6), where for illustrative purposes we can take piD6 = pia3 ∪ pib3 as the union of
two homologous 3-cycles. The groups Hn(M6, piD6) are obtained by considering pairs of
forms such that
(αn, βn−1) ∈ Ωn(M6)× Ωn−1(piD6) (2.59)
and constructing the cohomology in the standard way with the differential
d(αn, βn−1) = (dαn, ι∗piD6(αn)− dβn−1) (2.60)
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It is then easy to see that any element of the form (0, βn−1), with βn−1 a non-trivial
closed form in piD6, is also nontrivial in H
n(M6, piD6,Z) if it cannot be written as the
pull-back ι∗piD6(γn−1) of a globally well-defined closed form γn−1 of M6. For instance, for
piD6 = pi
a
3 ∪ pib3 with pia3 , pib3 homotopic 3-cycles with a harmonic form βa,bn−1 on each of
them, a choice such that βan−1 6= βbn−1 will always correspond to a non-trivial element
of Hn(M6, piD6), because there is no closed form γn−1 of M6 that would give different
integrals in the two corresponding (n−1)-cycles. In particular, we have that Wilson lines
θaζ and θbζ with θa 6= θb corresponds to a non-trivial element of H2(M6, piD6). Moreover,
by using the definition (2.60) one can see that this Wilson line configuration is equivalent
to (Υ2, 0) where Υ2 = dΘ1 is an exact 2-form of M6 such that Θ1|piα3 = θαζ, α = a, b.
Finally, it is easy to generalize this construction to the case that there is more than two
D6-branes and several Wilson lines on each of them, the final result being that for each
open string U(1)X there is a bulk 2-form Υ
X
2 = dΘ
X
1 such that Θ
X
1 restricts (up to an
exact form) to the corresponding Wilson line on each of the 3-cycles piα3 that enter into
the linear combination (2.40).
Given this setup, it is easy to see that the Wilson line contribution to the gauge kinetic
mixing can be written as
− i
4pil2s
∫
M6
ΥX2 ∧ ωi ∧$X =
i
4pil2s
∫
M6
ΘX1 ∧ ωi ∧ d$X = −
i
4pil2s
∑
α
nXαNα
∫
piα
Aα1 ∧ ωi
(2.61)
replacing the Wilson line integral (2.28) that defines F˜X2 , by an integral over the whole
manifoldM6 involving the 2-form ΥX2 . One possible way to interpret this is via the trading
of the Wilson line background by a shift in the B-field background, as done in [38]. As a
result, the total gauge kinetic mixing can be expressed via the equation (2.58) with the
replacement Jc → Jc + l2s2piΥX2 .
2.8 Summary
In this section we have computed the kinetic mixing between open and closed string U(1)’s
in type IIA compactifications. Via the Witten effect we have obtained the expression
fiX =
1
2 l4s
∫
ΣX
(J − iFD4) ∧ ωi (2.62)
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for the mixing between a closed U(1)i and a open string U(1)X . Here [ωi] ∈ H2+(M6,Z)
and (ΣX ,FD4) is a 4-chain and with gauge bundle on it, describing a open string U(1)
monopole made up of a D4-brane connecting the D6-branes of the compactification. No-
tice that this expression depends on very few, local data of the compactification, as
opposed to the threshold corrections that induce a mixing between open string U(1)’s.
As a byproduct of our discussion we observed that, in the presence of massless open
string U(1)’s, the lattice of 4d monopoles of a type IIA compactification is no longer
given by H−4 (M6,Z), but rather by the relative homology group H−4 (M6, piD6,Z). This
group enlarges H−4 (M6,Z) by adding classes of 4-chains ending on combination of 3-cycles
piD6 = ∪αpiα3 wrapped by D6-branes of the compactification. Replacing H−4 (M6,Z) by
H−4 (M6, piD6,Z) is related, by Lefschetz duality, to H2+(M6,Z) → H2+(M6 − piD6,Z),
which adds to the closed 2-forms of M6 those 2-forms that are closed only up to the
D6-brane locations piD6. Examples of these new forms are the 2-forms $X , defined by
(2.57) and used to detect linear equivalence between two or more 3-cycles. These new
2-forms can be used to compute open-closed kinetic mixing via the following expression
fiX =
1
2l4s
∫
M6
(J − iF) ∧ ωi ∧$X (2.63)
where [$X ] is a new element of the extension H
2
+(M6 − piD6,Z) that represents U(1)X ,
and F = B + l2s
2pi
ΥX2 where [Υ
X
2 ] ∈ H2−(M6, piD6) is defined as in the last section. Finally,
(2.63) reduces to (2.62) if we replace
∫
M6 $X∧ →
∫
ΣX
, and take FD4 = F|ΣX .
Eq. (2.63) is quite suggestive from the viewpoint of M-theory, since by replacing
M6 → Mˆ7
Jc + F2 → M IφI
$X → ωX
(2.64)
with ωX an harmonic 2-form on Mˆ7 one recovers the M-theory expression (2.47) for the
kinetic mixing of two U(1)’s. All these replacements are standard when lifting a type IIA
compactification to M-theory except perhaps the last one, which suggests that a harmonic
representative of H2+(M6−piD6,Z) is related to an harmonic representative of H2(Mˆ7,Z).
This is related to the results of section 2.5, where in order to match monopole lattices we
concluded that H−4 (M6, pi,Z) should be identified with H5(Mˆ7,Z). A simple example of
this connection is given in appendix B, while a general analysis is left for future work.
24
3 Linear equivalence of magnetized D-branes
In our analysis of type IIA compactifications we have found that the kinetic mixing
between open and closed string U(1)’s can be computed by means of a simple chain
formula, whose physical meaning can be understood as the Witten effect applied to D-
brane U(1) monopoles. Moreover, we found that just like the set of monopoles is classified
by a relative homology group, the set of U(1)’s is classified by a dual cohomology group.
In particular, one is able to characterize the massless open string U(1)’s in terms of a
pair of bulk 2-forms ($,Υ2) from which one can reproduce the chain formula for the
kinetic mixing. Up to Wilson line contributions, this kinetic mixing will vanish when the
set of D6-branes defining the U(1) are linearly equivalent, or in other words when $ is
orthogonal to any harmonic 2-form in the compactification manifold.
In this section we would like to extend this picture to type IIB compactifications.
The novelty of these compactifications is that they contain magnetized branes, and so
the objects to consider are bound state of 3, 5 and 7-branes. However, just like in the
type IIA case, we will be able to describe open-closed kinetic mixing by using the Witten
effect, and to characterize open string U(1)’s in terms of bulk forms ($,Υ). Also, the fact
that the open-closed mixing vanishes can be translated into a version of linear equivalence
adapted to D-brane bound states. Finally, we will derive a supergravity-like formula to
compute kinetic mixing between open and closed string U(1)’s, and apply it to F-theory
GUT models with hypercharge flux breaking [39,40].
3.1 Type IIB orientifolds with O3/O7-planes
Let us then consider type IIB string theory compactified on R1,3 × M6, with M6 a
Calabi-Yau manifold, and mod it out by the orientifold action Ωp(−1)FLσ, where now σ
is a holomorphic involution M6 such that
σJ = J , σΩ = −Ω (3.1)
The fixed loci of σ are points and/or complex 4-cycles of M6, where O3 and O7-planes
are respectively located. The cancellation of RR tadpoles imposes that∑
α
Nα([piα] + [pi
∗
α])− 8[piO] = 0 (3.2)
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where piα are the complex 4-cycles wrapped by D7-branes, pi
∗
α are their orientifold images,
and piO the divisors wrapped by the orientifold planes. Besides (3.2) one needs to impose
that the total D5 and D3-brane charges of the compactification vanish.
Dimensionally reducing the 10d type IIB supergravity action one encounters a series
of massless fields that arise from the closed string sector of the theory. As before, these
are classified by the harmonic forms of M6 with a definite parity under the action of σ.
We now take the following basis of harmonic forms with integer cohomology class
σ−even σ−odd
2− forms ωi i = 1, . . . , h1,1+ ωiˆ iˆ = 1, . . . , h1,1−
3− forms αI I = 0, . . . , h1,2+ α˜Iˆ Iˆ = 0, . . . , h1,2−
βI I = 0, . . . , h1,2+ β˜
Iˆ Iˆ = 0, . . . , h1,2−
4− forms ω˜i i = 1, . . . , h1,1+ ω˜iˆ iˆ = 1, . . . , h1,1−
and with normalization∫
M6
ωi ∧ ω˜j = l6sδji ,
∫
M6
ωiˆ ∧ ω˜jˆ = l6sδjˆiˆ ,
∫
M6
αI ∧ βJ = l6sδJI ,
∫
M6
α˜Iˆ ∧ β˜Jˆ = l6sδJˆIˆ
(3.3)
The next step is to expand the RR 4-form potential C4 in the σ-even harmonic forms
ωi, αI , β
I , ω˜i. Since the field strength of C4 must satisfy the 10d self-duality condition
Fˆ5 = ∗10Fˆ5, it is convenient to define the following basis of complex harmonic 3-forms
γI = αI + ifIJβ
J (3.4)
where fIJ are function of the complex structure moduli chosen so that γI is a (2, 1)-form.
Then it is easy to see that if we expand the 4-form potential as
C4 =
∑
I
(AI1 ∧ Re γI − V I1 ∧ Im γI) +
∑
i
(
Ci2 ∧ ωi − Re(T i)ω˜i
)
(3.5)
then 10d self-duality of Fˆ5 implies that ∗4dAI1 = dV I1 . We then obtain h1,2+ vector mul-
tiplets AI1 and h
1,1
+ axions Re(T
i), the other 4d modes being dual degrees of freedom.
Finally, using (3.3) it is easy to check that fIJ is precisely the gauge kinetic function for
the closed string U(1)’s [41–43]. Notice for instance that a D3-brane wrapping a 3-cycle
in the Poincare´ dual class of αJ will not only have magnetic charge under the closed string
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U(1) generated by AJ1 , but also an electric charge under A
I
1 proportional to Im fIJ , as
expected from the Witten effect.
Besides above spectrum there will be 4d massless fields arising from the open string
sector of the compactification. In particular, the sector of a single D7-brane wrapping a
holomorphic 4-cycle Sα of M6 is given by
Aα1 =
1
ls
(piA4d,α1 + a
j
αAj + c.c.) (3.6)
φα = Φα + c.c. = Φ
m
αXm + c.c. (3.7)
where Aj are a basis of H
(0,1)(Sα) and Xm are holomorphic sections of the normal bundle
of Sα, which are in one to one correspondence with the homology group H
(2,0)(Sα) by
contraction with Ω. As a result, the Wilson line moduli ajα and the position moduli Φ
j
α
are each complex 4d scalar fields by themselves.9 One can easily generalize this spectrum
to the case of a stack of Nα D7-branes, as well as to include the effect of the orientifold
projection. We refer the reader to [10] for further details in this direction.
3.2 Separating two D7-branes
For simplicity let us first consider two D7-branes wrapping 4-cycles Sa and Sb of M6,
and threaded respectively by worldwolume fluxes F¯a and F¯b, leaving the action of the
orientifold for later. Like with the D6-branes we assume that Sα, α = a, b lie in the same
homology class and that they can both be obtained after normal deformations φα of a
reference 4-cycle S. As before, we can reduce the CS action for these branes and read off
the terms that yield Stu¨ckelberg masses for the open string U(1)’s as well as their kinetic
mixing with the closed string sector. The relevant terms of the CS action now are
SαCS ⊃ µ7
∫
R1,3×Sα
P [C6 ∧Fα2 +
1
2
C4 ∧Fα2 ∧Fα2 ] (3.8)
which upon dimensional reduction yield [10]
SαCS ⊃
pi
l7s
∫
R1,3
C˜i2 ∧Fα2
∫
Sα
ω˜i +
1
2l7s
∫
R1,3
Ci2 ∧Fα2
∫
Sα
F¯α2 ∧ωi (3.9)
+
1
2l6s
∫
R1,3
Fα2 ∧FRR,I2
∫
Sα
Re (aα ∧ γI + ιΦαγI ∧ F¯α2 )
− 1
2l6s
∫
R1,3
Fα2 ∧ ∗ FRR,I2
∫
Sα
Im (aα ∧ γI + ιΦαγI ∧ F¯α2 )
9We normalize the fields Φα as Φα =
yα
ls
where yα are the transverse coordinates to the brane α.
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where we have used
C4 = C
i
2 ∧ωi + AI1 ∧ Re γI − V I1 ∧ Im γI + . . . (3.10)
C6 = C˜
i
2 ∧ ω˜i + . . . (3.11)
with ωi, ω˜i running over all (1,1), (2,2)-forms of M6. We have also used that aα = ajαAj
is a (0,1)-form and F¯α2 , ιΦαγI are (1,1)-forms of Sα. Finally, we omitted any B-field
contribution since it can be simply recovered by replacing l
2
s
2pi
F → F .
The terms in the first line of (3.9) correspond to the Stu¨ckelberg mass for the open
string U(1) and the second line gives the kinetic mixing with the closed string sector.
Considering both D7-branes a and b, the combination U(1)a + U(1)b will be massive due
to the first term in (3.9). In order to keep U(1)(a−b) ≡ 12 [U(1)a−U(1)b] massless we impose
that [F¯ a2 ] = [F¯
b
2 ] ≡ [F¯2]. Notice that the Stu¨ckelberg mass for U(1)(a−b) is proportional to∫
S
(F¯ a2 − F¯ b2 )∧ωi (3.12)
and so setting both worldvolume flux equal on S prevents this U(1) from getting a mass.
There is a subtlety in this statement which is important for the case of F-theory GUTs.
Namely, in order to keep U(1)(a−b) massless the class [F¯ a2 − F¯ b2 ] should only be zero as an
element of H2(M6) and it could be non-trivial in H2(S) [44]. We will assume that the
fluxes are the same also in S and leave the more involved case for the next section.
A computation similar to section 2 shows that the mixing between U(1)(a−b) and U(1)I
is
fI(a−b) = − i
4pil4s
(aja − ajb)
∫
S
Aj ∧ γI − i
4pil4s
(Φma − Φmb )
∫
S
ιXmγI ∧ F¯2 (3.13)
Comparing this expression to (2.27) and (2.42) one can guess what the mixing is in the
case where the branes are not homotopic, namely
fI(a−b) = − i
2l5s
∫
Γ
γI ∧ F˜ (3.14)
where Γ is a 5-chain with ∂Γ = Sa− Sb and F˜ is a 2-form defined on Γ such that dF˜ = 0
and F˜ |Sα = F¯α. We implicitly include the contribution coming from the Wilson lines in
the boundary ∂Γ as in (2.28) (see also the comment below eq.(2.37)). Finally, notice that
F also includes the contribution from the B-field, but that it vanishes in the case that
H = dB = 0, since then B is an harmonic (1,1)-form and so γI ∧B ≡ 0.
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As before, we can also arrive at (3.14) by computing the electric charge of a 4d
U(1)(a−b)-monopole with respect to the closed string U(1)’s. Indeed, consider a D5-brane
wrapped on W × Γ where W is a worldline in R1,3, and with worldvolume flux F˜ along
Γ. This corresponds to a monopole in 4d with unit magnetic charge under U(1)(a−b). The
CS action for this objects has a piece of the form
SD5CS ⊃ µ5
∫
W×Γ
C4 ∧ F˜ = µ5
∫
Γ
F˜ ∧Re γI
∫
W
AI1 − µ5
∫
Γ
F˜ ∧ Im γI
∫
W
V I1 (3.15)
so the induced electric and magnetic charges under U(1)I are
QEI =
1
2l5s
∫
Γ
Re γI ∧ F˜ Q˜MI = −
1
2l5s
∫
Γ
Im γI ∧ F˜ (3.16)
which reproduces (3.14) by virtue of the Witten effect.
The effect of the orientifold projection is also quite similar to the type IIA case. We
have to take into account that ωi and ω˜i in (3.9) only run over σ-even forms of M6, and
we need to include the orientifold image for every D7-brane. This leads to
fI(a−b) = − i
2l5s
∫
Γ
γI ∧ F˜ (3.17)
with Γ an orientifold-odd chain such that ∂Γ = Sa−Sb−S∗a +S∗b . Again, the contribution
from the B-field vanishes in case that H = 0, which we will assume in the following.
3.3 Monopoles and generalized cycles
Let us now make a detour and rephrase the previous example in the language of generalized
complex geometry. This will allow us to easily extend the above expression for the U(1)
mixing to more general situations, and in particular to the case of interest in F-theory
GUTs to be analyzed in section 3.5. In addition, this formalism properly treats D-branes
with worldvolume fluxes, and so it allows to generalize the concept of linear equivalence
of submanifolds [33] to bound states of D-branes, as well as to derive a supergravity-like
formula for its kinetic mixing. Finally, generalized geometry has been shown to be the
right framework to include the effect of background fluxes in both type IIA and type IIB
N = 1 compactifications, and hence it should be the appropriate tool to understand U(1)
kinetic mixing in the context of moduli stabilization.
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In generalized complex geometry a Dp-brane is a pair (Σ,F) where Σ is a (p+1)-cycle
and F is the worldvolume field strength together with the B-field, F = F + B.10 Thus,
the two D7-branes of the last section correspond to (Sa,Fa) and (Sb,Fb) and the condition
to have a massless U(1) is that there should be a linear combination of the two that is
trivial in generalized homology. Indeed, in the previous example we had
(Sa,Fa)− (Sb,Fb) = ∂ˆ(Γ, F˜) (3.18)
where ∂ˆ is the generalized boundary operator defined in Appendix C, while Γ and F˜ are
the 5-chain and worldvolume flux defined below (3.14). In particular, F˜ satisfies
dF˜ = 0, F˜ |Sa = Fa, F˜ |Sb = Fb. (3.19)
where we have used that H = 0. In order to compute the kinetic mixing we look at the
CS action of a D5-brane wrapped on (W × Γ,F) which can be written as
SCS = µ5
∫
W×Γ
C ∧ eF˜ (3.20)
where C is the RR polyform. Since the closed string U(1)’s arise from C4 it suffices to
look at that term. Upon dimensional reduction it yields
SCS ⊃ µ5
∫
Γ
Re γI ∧ eF˜
∫
W
AI1 − µ5
∫
Γ
Im γI ∧ eF˜
∫
W
V I1 (3.21)
= µ5 j(Γ,F˜)(Re γI)
∫
W
AI1 − µ5 j(Γ,F˜)(Im γI)
∫
W
V I1
where we have introduced the current associated to the generalized chain (Γ, F˜), dubbed
j(Γ,F˜), and used the fact that the D5 flux F˜ is magnetic so it has no component along the
time direction W . Thus, the U(1)I electric and magnetic charges of the D5-monopole are
QIE =
1
2l5s
j(Γ,F˜)(Re γI) Q˜
I
M = −
1
2l5s
j(Γ,F˜)(Im γI) (3.22)
from where we can read off the kinetic mixing. Applying this formalism to this example
is somewhat cumbersome but it shows that the only relevant information for the mixing
is in the so-called generalized chain (Γ, F˜), and that this procedure for computing the
mixing can be generalized to more involved setups.
10See Appendix C for some basic definitions of generalized submanifolds and their homology [45].
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We now consider a case which is closely related to the hypercharge U(1)Y in F-theory
GUTs and for which the formalism of generalized geometry turns out to be quite useful.
Suppose again that we have two D7-branes wrapped on 4-cycles Sa and Sb, both homotopic
to S. This implies that our D7-branes are described by the generalized cycles (Sa,Fa)
and (Sb,Fb) such that [Sa] = [Sb] ≡ [S]. In addition we assume that [Fa] = [Fb] in the
cohomology of the total space but with [Fa] and [Fb] different in H2(S).11 In that case we
get a massless U(1) so there must exist a generalized chain that connects the D7-branes
but it cannot be the same one as before. Indeed, suppose it were (Γ, F˜). The chain Γ
connecting the submanifolds is topologically S × I where I is an interval with coordinate
t ∈ [0, 1] so Γ can be sliced in 4-cycles St ' S. Thus, the 2-form F˜ on S × I defines a
family of 2-forms F˜t on St such that F˜0 = Fa and F˜1 = Fb. Since F˜ is continuous and
dF˜ = 0 we have that [F˜0] = [F˜1] in H2(S), contradicting our assumption.
This means that we have to look for another candidate to be the generalized chain
associated to the massless U(1). The strategy to find it is to realize that the quantized
part of the worldvolume flux F¯α induces a D5-brane charge that can be related by Poincare´
duality to a 2-cycle class [Πα] of H2(Sα,Z). If instead of two magnetized D7-branes we
had two D7-branes on Sa, Sb with F¯a = F¯b = 0 and two D5-branes on the representative
2-cycles Πa, Πb, then we would have the same D-brane charges as in the magnetized
system,12 and it would be simple to connect them by means of a 5-chain Γ and a 3-chain
Σ such that ∂Σ = Πa − Πb. So the only ingredient that we need is a generalized chain
that interpolates between a magnetized D7-brane and a D7+D5-brane pair.
Such generalized chain is given by the following equation
(Sa,Fa) = (Sa, 0) + (Πa, 0) + ∂ˆ
[
−(Γa, F˜a) + (Γa, F˜Πa)
]
(3.23)
with Πa ⊂ Sa a 2-cycle such that [Πa] = P.D. [Fa], Γa a 5-chain with ∂Γa = S ′a − Sa and
dF˜a = 0 F˜a|Sa = F¯a F˜a|S′a = F¯ ′a (3.24)
dF˜Πa = δ(3)Γa (Πa) F˜Πa|Sa = 0 F˜Πa |S′a = F¯ ′a (3.25)
where for simplicity we have removed the presence of the B-field, which anyway will not
appear in our final result. This looks rather messy but its interpretation as a physical
11We are also assuming that
∫
Sa
Fa ∧ Fa =
∫
Sb
Fb ∧ Fb.
12We are ignoring induced D3-brane charges since they become irrelevant in the orientifold case.
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process is simple. The term −∂ˆ(Γa, F˜a) corresponds to moving the brane from Sa to a
reference 4-cycle S ′a keeping the worldvolume flux fixed. The second term ∂ˆ(Γa, F˜Πa) is
responsible for moving the brane back to Sa and removing the flux leaving the remnant
(Sa, 0)+(Πa, 0) which represents a D7 on Sa and a D5 on Πa each of them without fluxes.
The fact that we have to move the brane back and forth is a technicality that regularizes
the differential equations, and eventually we will take the limit in which we do not move
the brane at all (see the discussion in Appendix D).
Doing the same with the brane b we arrive at
(Sa,Fa)− (Sb,Fb) = ∂ˆ
[
(Γ, 0) + (Σ, 0)− (Γa, F˜a) + (Γb, F˜b) + (Γa, F˜Πa)− (Γb, F˜Πb)
]
(3.26)
with Σ a 3-chain such that ∂Σ = Πa−Πb. This equation describes a process in which the
worldvolume fluxes are turned into D5-branes at both Sa and Sb, and these are connected
to each other by means of the 3-chain Σ, while the D7s are connected via Γ. Thus, we
have found the generalized chain (S,F) associated with the open string massless U(1).
According to our previous discussion the kinetic mixing with the closed string U(1)I
will be proportional to j(S,F)(γI). One still needs to show that the result is independent
of the arbitrary choices made to define (S,F). We relegate the proof to Appendix D, in
which we also derive the following more convenient expression
j(S,F)(γI) =
∫
Σ
γI +
1
2pils
∫
Sa
γI ∧AΠa −
1
2pils
∫
Sb
γI ∧AΠb . (3.27)
with dAΠa = 2pils[Fa− δ2Sa(Πa)] and dAΠb = 2pils[Fb− δ2Sb(Πb)]. Again, one can show that
this expression is independent of the choice of Πa and Πb. Notice that these equations do
not fix the harmonic piece of AΠa and AΠb . In order to match the result obtained from
dimensional reduction we take them to be the Wilson lines in each D7-brane. Introducing
the normalization factor we finally find
fI(a−b) = − i
2l3s
[∫
Σ
γI +
1
2pils
(∫
Sa
γI ∧AΠa −
∫
Sb
γI ∧AΠb
)]
. (3.28)
In Appendix D we show that this expression reduces to (3.14) when [F¯a] = [F¯b] ∈ H2(S).13
13The dependence on AΠα was overlooked in the expression for the mixing in Appendix B of [23].
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Finally we can easily extend this analysis to the orientifold case, where we have
fI(a−b) = − i
4l3s
[∫
Σ
γI +
1
2pils
(∫
Sa
γI ∧AΠa −
∫
S∗a
γI ∧AΠ∗a −
∫
Sb
γI ∧AΠb +
∫
S∗b
γI ∧AΠ∗b
)]
(3.29)
with Σ a 3-chain such that ∂Σ = Πa − Πb − Π∗a + Π∗b .
3.4 General case and U(1) mixing from supergravity
We can generalize these results to arbitrary configurations of parallel D7-branes with
fluxes. Consider K stacks of D7-branes wrapping divisors Sα and carrying magnetic
fluxes Fα so we may associate a generalized submanifold (Sa,Fα) to each of them. We
find a massless U(1)X for every linear combination
(S,F)X =
K∑
α=1
nXα(Sα,Fα) (3.30)
such that (S,F)−X ≡ 12 [(S,F)X − (S,F)∗X ] is trivial in generalized homology. Thus, we
may associate a chain (S,F)X such that
∂ˆ(S,F)X = (S,F)−X . (3.31)
Notice that, as our previous example shows explicitly, this chain may be the linear com-
bination of different terms, namely
(S,F)X =
∑
i
(Σ(i),F (i))X , (3.32)
where the Σ
(i)
X are not necessarily five-dimensional. Following what we did in the type
IIA case, we fix the normalization by taking the following basis of open string U(1)’s
Uˆ(1)α =
1
Lα
K∑
β=1
nαβU(1)β (3.33)
with nαβ and Lα as in (2.40).
In order to compute the kinetic mixing of a massless Uˆ(1)X with the closed string
sector we dimensionally reduce the action of a magnetic monopole of Uˆ(1)X and look at
the relevant couplings in 4d. In the simplest cases the monopoles are given by magnetized
D5-branes wrapped on W × Σ, with Σ a 5-chain that connects the different D7-branes.
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However, in the general case these are given by wrapping bound states of different Dp-
branes, dubbed D-brane networks, on W × (S,F)X . By looking at the CS action of such
network we find that the kinetic mixing with a closed string U(1)I is
fXI = − i
2l4s
j(S,F)X (γI), (3.34)
where γI is the harmonic 3-form that yields U(1)I , and the associated current is given by
j(S,F)X =
∑
i
j(S(i),F(i))X . (3.35)
The current j(S,F)X corresponds to the Lefschetz dual of the chain (S,F)X so the
equation (3.31) can be written in cohomology as
dj(S,F)X = j(S,F)−X , (3.36)
which is analogous to (2.48). Since the current j(S,F)−X has support only on the D7-
branes we find that j(S,F)X is an element of the generalized cohomology of M6 − SX ,
H•(M6 − SX), with SX the union of the divisors wrapped by the D7-branes and their
orientifold images. Following the discussion for the D6-branes we define the polyform $X
to be the representative of the class [j(S,F)X ] that is coclosed and integral, namely
[$X ] = [j(S,F)X ] ∈ H•(M6 − SX), d∗$X = 0,
∫
M6
〈$X ,Υ〉 ∈ Z, (3.37)
where 〈·, ·〉 denotes the Mukai pairing and Υ is any polyform in H•(M6, SX ,Z), meaning
that dΥ = ι∗SXΥ = 0. The Mukai pairing is the natural generalization of the intersection
pairing used in (2.49). Indeed, we may write eq.(2.49) as
∫
$ ∧ Υ ∈ Z where Υ ∈
H4(M6, piD6,Z) is the Lefschetz dual of Λ2 ∈ H2(M6 − Sa ∪ Sb,Z).
Using the polyform $X we may write the mixing (3.34) as an integral over M6
fXI = − i
2l4s
j(S,F)X (γI) = −
i
2l4s
∫
M6
〈γI , j(S,F)X 〉 = −
i
2l4s
∫
M6
〈γI , $X〉 (3.38)
where we used the fact that j(S,F)X and $X only differ by an exact polyform which
does not contribute to the integral since γI is harmonic. Similarly to the case of D6-
branes, we say that a linear combination of D-branes are linearly equivalent to zero if this
combination is trivial in generalized homology and the corresponding massless U(1) does
not mix kinetically with the closed string sector.
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An example
Since these expressions are rather abstract, let us briefly illustrate it with the simple
example analysed at the beginning of this section, namely two homotopic D7-branes a
and b on Sa ' Sb ' S with [Fa] = [Fb] both in the bulk as well as in the cohomology of
S so we have that ∂ˆ(Γ, F˜) = (Sa,Fa) − (Sb,Fb). According to (3.37) we have that the
polyform $ associated to the massless U(1) = 1
2
(U(1)a − U(1)b) satisfies
d$(a−b) = j(Sa,Fa) − j(Sb,Fb) (3.39)
as well as the last two conditions therein. Because j(Sα,Fα) contain the D7, D5 and D3-
brane sources, they are polyforms and so is $(a−b). More precisely we have that
$(a−b) = $1 +$3 +$5 (3.40)
where
d$1 = δ(Sa)− δ(Sb) (3.41)
d$3 = δ(Sa) ∧ Fa − δ(Sb) ∧ Fb (3.42)
d$5 = δ(Sa) ∧ 1
2
F2a − δ(Sb) ∧
1
2
F2b (3.43)
Following our general discussion in subsection 2.6, each of these p-forms $i will have a
decomposition of the form (2.50). In particular we have that
$1 =
1
2pi
d (ln|h(Sa)| − ln|h(Sb)|) (3.44)
where h(Sα) is the divisor function of Sα. Recall that in a generic Calabi-Yau three-
fold there will be no harmonic one-forms. Hence $1 will have no harmonic piece in the
decomposition (2.50) and linear equivalence will be trivially satisfied with respect to this
piece of $. This corresponds to the well known fact that two homologous divisors are
always linearly equivalent in a Calabi-Yau manifold. The same applies to $5, and so the
condition of linearly equivalence and the kinetic mixing only depends on the piece $3.
Let us now assume that Fˆ is a closed 2-form defined over the whole space M6 and
such that Fˆ |Sα = Fα, α = a, b.14 We may then write (3.40) as
$(a−b) = $1 ∧ eFˆ (3.45)
14Such 2-form may be obtained by trading the gauge fields on the D7-branes into the B-field as in [38].
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with $1 as in (3.44). Applying now (3.38) we obtain
fI(a−b) = − i
2l6s
∫
M6
γI∧$3 = − i
2l6s
∫
M6
γI∧$1∧Fˆ (3.46)
which can be seen to be equivalent to our previous expression (3.17).
3.5 Application to F-theory GUTs
While we have focused the discussion of this section in type IIB orientifold vacua, our
main results can be extended to an F-theory setup along the lines of [38]. In particular,
they can be easily applied to an F-theory GUT model where the GUT gauge symmetry is
broken by the presence of an hypercharge flux. In the present section we will do so, first
obtaining the kinetic mixing of the hypercharge with bulk U(1)’s in a SU(5) F-theory
model. As this derivation is somewhat technical we present the result here
fY I = − 5i
2l4s
[∫
Σ
γI +
1
2pils
∫
SGUT
γI ∧ AGUT
]
(3.47)
where Σ is a 3-chain such that ∂Σ = 6Π, with [Π] Poincare´ dual to the hypercharge
flux class [5
6
FY ], dAGUT = [
5
6
FY − δ2SGUT (Π)] and γI is the 3-form that represents the
RR U(1)I gauge symmetry. As pointed out in the introduction, if a massless U(1)h of a
hidden 7-brane sector mixes with U(1)I as well this will give rise to light particles with
small irrational hypercharges.
Nevertheless, even if the absence of such U(1)h a non-trivial mixing of the form could
be relevant for F-theory GUT models, in the sense that the hypercharge normalization
needed to absorb the kinetic mixing RefY I will modify the relations between α1 and
α2, α3 [46]. This could be an interesting effect in view of the further corrections to the
SU(3)×SU(2)×U(1)Y gauge coupling constants that arise from the 7-brane magnetization
[47–49]. Another potential solution to this problem is to consider the case where the
hypercharge has a mass mixing with a RR photon. As pointed out in [23], this may
happen if the three-fold baseM6 contains torsional 2-cycles. We will apply our results to
this case in the second part of this section.
36
Hypercharge mixing
Consider 5 parallel 7-branes wrapping divisors Sn in M6 with n = 1, . . . , 5 and all of
them homotopic to SGUT with vanishing B-field. Since the hypercharge generator within
SU(5) is given by15 QY =
1
6
diag(2, 2, 2,−3,−3) we will turn on fluxes Fn on all of them
such that Fn =
1
3
FY for n = 1, 2, 3 and Fn = −12FY for n = 4, 5 with [FY ] trivial in
the cohomology of M6 but non-trivial in H2(Sn) and such that 56 [FY ] ∈ H2(Sn,Z) [40].
Thus, when we bring the 7-branes back together this will translate into a flux FYQY along
the hypercharge generator that breaks SU(5) → SU(3) × SU(2) × U(1)Y and keeps the
hypercharge massless.
Given this data we may apply the results of the previous section to compute kinetic
mixing with any closed string U(1)I . To each 7-brane we assign the generalized subman-
ifold (Sn,Fn) and we have to look for the chain (S,F)Y that satisfies
∂ˆ(S,F)Y = 2(S1, F1) + 2(S2, F2) + 2(S3, F3)− 3(S4, F4)− 3(S5, F5). (3.48)
According to eq.(3.23) we then have
(Sn, Fn) = (Sn, 0) + an(Πn, 0) + ∂ˆ
[
−(Γn, F˜n) + (Γn, F˜anΠn)
]
(3.49)
for all n. Here Πn ⊂ Sn is any 2-cycle such that an[Πn] =P.D.[Fn], with an = 25 for
n = 1, 2, 3 and an =
3
5
for n = 4, 5. See also eqs.(3.24-3.25). If we substitute this
expression in (3.48) we find that
(S,F)Y = (Γ, 0) + (Σ, 0) +
5∑
n=1
nY n
[
−(Γn, F˜n) + (Γn, F˜anΠn)
]
, (3.50)
modulo a generalized cycle. Here nY n are the integers that define the hypercharge. Also,
we have defined the 5-chain Γ such that ∂Γ =
∑
n nY nSn and the 3-chain Σ that satis-
fies ∂Σ =
∑
n nY nanΠn. These exist given our initial hypotheses that U(1)Y is indeed
massless.
The kinetic mixing with U(1)I is given by
fY I = − 5i
2l4s
j(S,F)Y (γI) (3.51)
15Notice that this normalization does not satisfy the conditions in the last section. However, it is the
usual one for the hypercharge.
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where the factor of 5 is due to the normalization of the hypercharge. The current j is a
sum of different contributions, namely
j(S,F)Y = j(Γ,0) + j(Σ,0) +
5∑
n=1
nY njn. (3.52)
where we have defined
jn = j(Γn,F˜anΠn ) − j(Γn,F˜n) (3.53)
and which, using the results of appendix B, can be written as
jn(γI) =
1
2pils
∫
Sn
γI ∧ AΠn (3.54)
with AΠn a 1-form on Sn that satisfies
dAΠn = Fn − δ2Sn(anΠn) (3.55)
for n = 1, 2, 3 we then have
dAΠn =
2
5
[
5
6
FY − δ2Sn(Π)
]
(3.56)
with Π the Poincare´ dual of 5
6
FY . For n = 4, 5 the corresponding equations reads
dAΠn = −
3
5
[
5
6
FY − δ2Sn(Π)
]
(3.57)
Putting everything together we find that
fY I = − 5i
2l4s
[∫
Σ
γI +
1
2pils
5∑
n=1
nY n
∫
Sn
γI ∧ AΠn
]
. (3.58)
In order to get the mixing for the F-theory case we have to bring all the 7-branes together
so Sn = SGUT . This yields
fY I = − 5i
2l4s
[∫
Σ
γI +
1
2pils
∫
SGUT
γI ∧ AGUT
]
(3.59)
with ∂Σ = 6Π and, using (3.52) and (3.53), we find that AGUT =
∑
n nY nAΠn satisfies
dAGUT = 6
[
FY − 6
5
δ2SGUT (Π)
]
. (3.60)
As the RR U(1)s do not have any light charged states, one may simply absorb this
mixing in a redefinition of the hypercharge coupling constant. Besides the implications for
gauge coupling unification mentioned above, in a setup with low scale supersymmetry the
gauginos of the hidden sector will be massive and may mix with the MSSM neutralinos
which would lead to new signatures at the LHC, if SUSY is found, through different decay
patterns.
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Implications for torsional hypercharge
Following [23], let us now consider the case in which the hypercharge has a mass mixing
with a bulk U(1)t. For this to happen the 2-cycle class [Π] Poincare´ dual to the hyper-
charge flux FY in SGUT must be a torsional 2-cycle of the three-fold baseM6. This means
in particular that we have a non-trivial set of torsional cohomology classes inM6, due to
the identities
TorH2(M6,Z) ' TorH3(M6,Z) ' TorH3(M6,Z) ' TorH4(M6,Z) (3.61)
Let us in particular assume that these groups are all equal to Zk. Then we have the set
of relations
dωtor = k βtor dαtor = −k ω˜tor (3.62)
where αtor, βtor are 3-forms of M6 which are also eigenforms of the Laplacian, and we
have the normalization ∫
M6
αtor∧ βtor =
∫
M6
ωtor∧ ω˜tor = 1 (3.63)
We then expand the RR potential C4 on these non-harmonic forms and obtain
C4 = A
t
1 ∧ Re γtor − V t1 ∧ Im γtor + RefttC2,t ∧ ωtori − Re(T t)ω˜tor (3.64)
where just like for harmonic forms, we consider the following combination
γtor = αtor + ifttβ
tor (3.65)
with ftt chosen so that γ
tor is a (2,1)-form. The 3-form γtor represents the bulk U(1)t that
corresponds to the torsion group (3.61), and ftt its gauge kinetic function. Following [23],
it is easy to see that the kinetic mixing between the hypercharge and this U(1)t will also be
given by (3.47) with basically γI replaced by γ
tor. More precisely, since [Π] is non-trivial
in H2(M6,Z) but k[Π] is, we can consider a monopole with charge k under the 7-brane
U(1), and by analyzing its worldvolume theory we get the expression
RefY t =
5
2l4s
1
k
[∫
Σ
Imγtor +
1
2pils
∫
SGUT
Imγtor ∧ AGUT
]
=
5
2l4s
Reftt
∫
SGUT
ωtor ∧ FY (3.66)
39
where Σ is a 3-chain ending on k copies of Π, and dAGUT = [k
5
6
FY −
∑k
i=1 δ
2
SGUT
(Πi)]. We
could have also obtained this expression by direct dimensional reduction of the Chern-
Simons action
∫
C4 ∧ F ∧ F of the GUT 7-brane, which gives∫
R1,3
F Y2 ∧ (dV t1 + kC2,t)
[
5
2l4s
Reftt
∫
SGUT
ωtor ∧ FY
]
(3.67)
Since the hypercharge flux induces a torsion class [Π] in M6 we will have a relation
of the form P.D.[Π] = kY [ω˜
tor], where Poincare´ duality is performed inM6. Then, by the
results of [23] we have that the hypercharge and the bulk U(1)t have a mass mixing, and
that the massless U(1)Y˜ generator is given by the linear combination
A1 = cos θA˜Y − sin θA˜t , sin θ = kY gY√
k2Y g
2
Y + k
2g2t
, (3.68)
in terms of the gauge bosons A˜Y = AY g
−1
Y and A˜t = Atg
−1
t with canonical kinetic term.
The Lagrangian in 4d contains the terms
L ⊃ −2pi
l2s
[
RefY Y FY∧ ∗ FY + Reftt Ft∧ ∗ Ft + 2RefY t FY∧ ∗ Ft
]
(3.69)
so we may readily compute the kinetic function of the massless eigenstate by rotating to
the mass eigenstate basis, namely
L ⊃ −2pi
l2s
Ref11 F1∧ ∗ F1, (3.70)
with
Ref11 = cos
2 θRefY Y − 2 cos θ sin θRefY t + sin2 θReftt. (3.71)
With this normalization the field A1 couples to the charges states with a coupling constant
cos θgY so we should redefine AY˜ = cos θA1 which has a gauge kinetic function
RefY˜ Y˜ = RefY Y − 2 tan θRefY t + tan2 θReftt
=
5
3αG
− 2kY
k
RefY t +
k2Y
k2α2t
.
(3.72)
This generalizes the result obtained in section 5 of [23]. As pointed out there, these
corrections may explain the small discrepancy in gauge coupling unification found in
standard F-theory GUTs. Our generalization including the kinetic mixing fY t provides
an even more flexible scheme to fix such discrepancy.
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4 Conclusions
Motivated by their implications for the existence of milli-charged particles, in this paper
we have analyzed the kinetic mixing between closed string U(1)’s and those associated
with D-branes in Type II orientifolds. Even if there are no light states charged under
closed string U(1)’s, they may induce the presence elf milli-charged particles if they have
a kinetic mixing with open string U(1)’s in a visible and hidden sectors simultaneously.
We have started by computing the open-closed mixing in type IIA models of intersect-
ing D6-brane models by simple dimensional reduction of the Chern-Simons (CS) action
of two parallel or homotopic D6-branes. We have seen how this mixing can be rephrased
in terms of the Witten effect for the open string magnetic monopoles. Such vantage
point not only allows to derive the mixing in more involved configurations, but also shows
the importance of the relative (co)homology groups in this kind of constructions. For
instance, in type IIA compactifications, the magnetic monopoles of massless U(1)’s are
D4-branes wrapped on the 4-chain that connects the relevant D6-branes. Therefore, they
are classified by the fourth homology group of the compactification space relative to the
position of the D6-branes, which already includes the usual homology that classifies the
closed string monopoles. By performing the reduction of the CS action of such monopoles
we have computed their electric charge under the bulk U(1)’s which is precisely related
to the kinetic mixing. While this is done purely in a perturbative regime, it matches the
result obtained from the lift to M-theory [23].
Moreover, we have seen that the mixing has a nice geometrical interpretation in terms
of linear equivalence of submanifolds [33]. This is a criterion used to compare a linear
combination of cycles by associating them a bundle or, more generally, a gerbe. When this
combination is homologically trivial, the corresponding gerbe can be chosen flat and it is
fully characterized by its holonomy. When such holonomy is trivial, the U(1) associated
to the cycles does not mix kinetically with the bulk sector, as we have shown. In fact, this
criterion captures the mixing due to geometrical deformations moduli of the D6-branes
but not the effect of their Wilson line moduli. One can nevertheless extend the concept
of linear equivalence to submanifolds that carry gauge bundles on them, dubbed D-brane
linear equivalence.
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Since the mixing can be obtained from measuring the charges of a U(1) monopole
under other U(1)’s, it can be computed by dimensionally reducing the CS action of such
monopole. This leads us to an expression for the mixing which is an integral over the
p-chain wrapped by the monopole in the internal dimensions. Using Lefschetz duality, one
can nevertheless write it as an integral over the whole compactification space, yielding a
formula that closely resembles the mixing in the closed string sector.
Following the same strategy, we have analyzed the same problem in the context of
magnetized D7-brane compactifications. This case is particularly interesting since it is
closely related to F-theory GUT models. The major difference with type IIA is the pres-
ence of worldvolume fluxes. In particular, these contribute to the Stu¨ckelberg couplings
so it is not enough to have homologous cycles to get a massless U(1). Nevertheless,
when expressed in terms of generalized geometry, the stategy pursued in the previous
case still applies. Indeed, we find a massless U(1) for every linear combination of mag-
netized D7-branes that is trivial in generalized homology and its magnetic monopole is
given by wrapping a bound state of D-branes (a D-brane network in the language of [45])
in the corresponding generalized chain. Again, using the Witten effect one can compute
the kinetic mixing with the closed string sector, and understand this mixing in terms of
D-brane linear equivalence.
We have applied our results to the case of F-theory GUTs when the unification group
is broken by a hypercharge flux. This case is particularly subtle since in order to have a
massless U(1)Y the hypercharge flux must be trivial in the cohomology of the bulk and
non-trivial in the worldvolume of the 7-brane. This subtlety is relevant when identifying
magnetic monopoles, which arise as an element of a generalized relative homology group.16
Once the monopoles are identified one may compute the U(1)Y mixing with bulk U(1)’s,
which may lead to phenomenologically interesting consequences besides the presence of
milli-charged particles. Indeed, either a kinetic or mass mixing induces a redefinition of
the hypercharge coupling that could be relevant for gauge coupling unification. Finally,
in an MSSM scheme, it may induce a mixing between hidden gauginos, (typically massive
upon SUSY breaking) and the MSSM neutralinos, and this could lead to new signatures
at the LHC.
16In this sense, our findings refine the monopole construction in [40].
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The fact that the mixing between U(1)’s can be written as an integral over the whole
compactification space upon considering relative (co)homology groups instead of the usual
cohomology is very suggestive, since then the expressions closed-closed and open-closed
mixing look alike. This is perhaps not too surprising, since in the M/F-theory uplift of
type II compactifications all the U(1)’s are classified by the same topological group. It
would be then interesting to examine in more detail the role of relative (co)homology
in type II compactifications with D-branes. Furthermore, one can try to generalize this
method to more general setups in several directions. For instance, the language of general-
ized complex geometry is well suited to compactifications with non-vanishing background
fluxes and their mirror symmetry duals. Finally, one may wonder if the use of relative
cohomology groups may lead to an alternative way to compute kinetic mixing between
open string U(1)’s, a problem which we plan to address in the near future.
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A Linear equivalence of p-cycles
In this appendix we will review the definition of linear equivalence as given in [33] for
general submanifolds. We will start by reviewing the concept of p-gerbe with connection
which will enter directly in the definition of linear equivalence and then give the definition
of linear equivalence of submanifolds.
A.1 From bundles to p-gerbes
Roughly speaking a p-gerbe is a generalization in higher dimension of a line bundle. In
order to motivate its definition we start by giving three equivalent characterizations of a
line bundle L on a manifold X:
- A cohomology class in H2(X,Z),
- A real codimension 2 submanifold M of X,
- An element in the Cˇech cohomology group Hˇ1(X,U(1)).
The cohomology class characterizing L is its first Chern class c1(L) while the real codi-
mension 2 submanifold is the Poincare´ dual of c1(L). Finally the element in Hˇ1(X,U(1))
specifies the transition functions of the bundle, namely taking an open cover {Uα} of X
such that L is trivial over each set Uα given g ∈ Hˇ1(X,U(1)) we get the functions
gαβ : Uα ∩ Uβ → U(1) , (A.1)
such that gαβ(x)gβα(x) = 1 in Uα ∩ Uβ and furthermore
gαβ(x)gβγ(x)gγα(x) = 1 , ∀x ∈ Uα ∩ Uβ ∩ Uγ . (A.2)
The natural generalization of the previous characterizations of a line bundle are the
following ones:
- A cohomology class in Hp+2(X,Z),
- A real codimension p+ 2 submanifold M of X,
- An element in the Cˇech cohomology group Hˇp+1(X,U(1)).
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We will take one of the three equivalent characterizations as a definition of a p-gerbe.
We now will endow p-gerbes with a connection in a way similar to how we endow line
bundles with a connection and relate the curvature of this connection to the cohomology
class in Hp+2(X,Z).
A.2 Connections on p-gerbes
It is again useful to start recalling how a connection is built on a line bundle. Given a open
cover {Uα} of X a connection a connection on a line bundle L with transitions functions
g ∈ Hˇ1(X,U(1)) is a set of 1-forms Aα defined on Uα that on double intersections Uα∩Uβ
satisfy
i(Aβ − Aα) = g−1αβdgαβ . (A.3)
In particular since d(g−1αβdgαβ) = 0 we have that there is a global closed 2-form (the
curvature of the bundle) satisfying
F |Uα = dAα . (A.4)
We can now adapt this procedure to the case of a p-gerbe. Let us call Cq(U ,F) the set of q
Cˇech cochains with values in a sheaf F for the open covering U . Then given the transition
functions of the p-gerbe G we can build the element $(1) ∈ Cp(U ,Ω1(X)) satisfying
(δ$(1))α1...αp = (g
−1dg)α1...αp , (A.5)
where g ∈ Hˇp+1(X,U(1)) are the transition functions of the gerbe G. We can iteratively
arrive at the definition of the curvature of the connection
(d$(q))α1...αp−q = (δ$
(q+1))α1...αp−q , (A.6)
where at each stage we have $(q) ∈ Cp−q+1(U ,Ωq(X)). This can be repeated until we
arrive at $(p+1) which is an element of C0(U ,Ωp+1(X)), we define G/2pi = d$(p+1) to be
the curvature of the p-gerbe. It is a globally defined and closed p + 2 form whose class
[G]/2pi ∈ Hp+2(X,R) is the image of the characteristic class of the gerbe G under the
natural inclusion i : Hp+2(X,Z)→ Hp+2(X,R).
We can give a direct construction of the connection on a p-gerbe associated to a
codimension p+ 2 submanifold and this will be very important in the definition of linear
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equivalence of submanifolds. Given a codimension p + 2 submanifold M we will denote
its Poincare´ dual p + 2-form as δ(M). We now would like to find a p + 1 $ form that
will be the connection on our p-gerbe, this will be a 0 Cˇech cochain that is defined by the
following differential equations
d$(p+1)α = δ(M)|Uα . (A.7)
This does not specify completely the connection for the addition of a closed form to
it does not alter the previous differential equation. We can partially fix this ambiguity
asking for the two conditions
d∗$(p+1) = 0 ,
∫
Λp+1
$(p+1) ∈ Z , (A.8)
where Λp+1 ∈ Hp+1(X \ M,Z). These conditions will still be satisfied if we add to
$ an integral harmonic form but this ambiguity is not important in characterizing the
connection on the p-gerbe. Once these conditions are imposed we see that the connection
has the following Hodge decomposition
$(p+1) = ω + d∗H , (A.9)
where ω the harmonic part of the connection and dd∗H = δ(M). We next characterize
the data specifying the connection. As we already have the notion of curvature G/2pi ∈
Hp+2(X,Z) of a p-gerbe we only need to adapt the definition of holonomy which will take
values in Hp+1(X,R)/Hp+1(X,Z). We characterize the holonomy of a p-gerbe as follows:
take a non trivial p+ 1 cycle Σp+1 and the define the holonomy of the connection around
it as
hol($(p+1),Σp+1) = exp
(
2pii
∫
Σp+1
ω
)
, (A.10)
Choosing a basis of non trivial p + 1 cycles we get a complete characterization of the
holonomy of the connection. Since the holonomy and curvature data completely specify
the connection we have that a connection on a gerbe is trivial if both its holonomy and
its curvature are zero.
A.3 Linear equivalence of submanifolds
We now give the definition of linear equivalence of submanifolds. Appearance of gerbes in
the definition of linear equivalence is quite natural for every gerbe we have an associated
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submanifold. We say that two submanifolds M and N are linearly equivalent if the
gerbe GMG−1N has a trivial connection.17. We can easily extend this definition to linear
combinations of submanifolds as it is usually done in the case of divisors: two linear
combinations of submanifolds M =
∑
i aiMi and N =
∑
i biNi are linearly equivalent if
the connection on the gerbe
∏
i GaiMi
∏
j G−bjNj has a trivial connection.
We now would like to characterize when two submanifolds of codimension p + 2 are
linearly equivalent, the more general case of a linear combination can be similarly under-
stood. The p-gerbe GMG−1N has a connection satisfying the following differential equation
d$α = 2pi [δ(M)− δ(N)] |Uα . (A.11)
A first condition that we need to impose on the connection on the gerbe in order to
be trivial is that its curvature is zero, this happens when the two submanifolds are in
the same homology class so that the right hand side of (A.11) is an exact form and the
connection $ is globally well defined. All we need to check is that the bundle has trivial
holonomy and this happens if the harmonic part of the connection $ is form with integer
periods. If we impose the conditions (A.8) we see that linear equivalence amounts to the
following equivalent conditions on the connection on the gerbe GMG−1N
ω ∈ Hp+1(X,Z) ⇔ d∗H ∈ Hp+1c (U,Z) (A.12)
where U ≡ X \ (M ∪N).18 We can moreover give following [33] a further characterization
of linear equivalence of submanifolds. We focus again on the case of two submanifolds
but this can be easily generalized to a linear combination of submanifolds. We will show
the following: two submanifolds M and N of codimension p+ 2 are linearly equivalent if
and only if their homology classes agree and moreover∫
Γ
θ ∈ Z , (A.13)
17Given a gerbe G we define its dual G−1 to be the gerbe whose transition functions are the inverse
of the ones of the gerbe G Moreover we can introduce a product in the space of p-gerbes defining the
product of two p-gerbesM and N with transitions functions gM and gN to be the p-gerbe with transition
functions gMgN . We shall call the product gerbe simplyMN . Note that the notion of dual and product
agree with the known ones in the case of line bundles.
18We need to remove M and N from X because the form d∗H has poles on these submanifolds.
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where ∂Γ = M − N and θ is an harmonic form with integral cohomology class. This is
quite easy to show: let us start by integrating a general form with compact support on Γ∫
Γ
α =
∫
U
α ∧ γ (A.14)
where we called γ the Poincare´ dual of Γ, we write its Hodge decomposition as γ =
A+ dB+ d∗C. We can see that the coclosed part of γ agrees with the coexact part of our
connection on the gerbe GMG−1N , in fact if we integrate an exact form on Γ we get∫
Γ
dβ =
∫
∂Γ
β =
∫
M
β −
∫
N
β , (A.15)
but we also have that∫
Γ
dβ =
∫
U
dβ ∧ γ =
∫
U
β ∧ dγ =
∫
U
β ∧ dd∗C , (A.16)
so that in the end we get that dd∗C = δ(M) − δ(N) = dd∗H. Moreover we have that Γ
is an integral cycle and if we integrate a closed form with compact support and integral
cohomology class on it we get∫
Γ
φ =
∫
U
φ ∧ (A+ dB + d∗C) =
∫
U
φ ∧ (A+ d∗H) ∈ Z , (A.17)
that implies that d∗H is an integral form if and only if
∫
U
φ ∧ A is integral. Since the
compactly supported closed form with integral class φ is cohomologous to an integral
harmonic form θ defined on the whole manifold X we have that∫
U
φ ∧ A =
∫
X
θ ∧ A =
∫
Γ
θ , (A.18)
which implies that ∫
U
φ ∧ A ∈ Z ⇐⇒
∫
Γ
θ ∈ Z . (A.19)
B M-theory lift of D6-branes
In this appendix we show how the harmonic 2-forms $ ∈ H2(M6 − {piD6},Z) appear
from the M-theory lift of a configuration of D6-branes. Here piD6 is the set of all branes.
The M-theory lift of N parallel D6-branes in flat spacetime is given by a purely ge-
ometric configuration. More explicitly, we have that the lift corresponds to the space
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R1,3 × R3 ×TNN where TNN is the N-center Taub-NUT space with metric
ds2 = V d−→r · d−→r + 1
V
(dψ +−→ω · d−→r )2 (B.1)
with −→r ∈ R3 and ψ ∼ ψ + 4pi. Also,
V =
1
R
+
N∑
α=1
Vα, Vα =
1
|−→r −−→a α| (B.2)
and
−→ω =
N∑
α=1
−→ω α, −→∇Vα = −→∇ ×−→ω α. (B.3)
This geometry is a S1 fibration over R3 and the radius of the fiber is given by the gψψ
component of the metric, namely, 1
V
. Near the location of the D6-branes −→a α the radius
goes like 1
Vα
= |−→r − −→a α| so the fiber shrinks. On the other hand, asymptotically far
away from them it has constant radius R which determines the string coupling constant
in Type IIA, namely gIIAs =
R√
α′
.
An alternative way to understand this space is to regard it as the total space of a
U(1) gauge bundle over R3 with N magnetic monopoles at −→a α. Then, the one-forms
ωα ≡ −→ω α · d−→r are the gauge fields associated to the monopole α. Thus, their field
strengths are given by Fα = dωα and satisfy the equations,
dFα = −4piδ3(−→r −−→a α), d ∗ F = 0. (B.4)
There are N cohomologically independent harmonic normalizable 2-forms that, when
reducing the C3 potential, yield the gauge fields associated with the D6-branes. These
are [50]
4piΩα = dχα, χα =
Vα
V
(dψ + ω)− ωα. (B.5)
which are orthogonal, i.e.
∫
Ωα ∧Ωβ = R2δαβ. It is useful to take the linear combinations
Ωαβ = Ωα − Ωβ, ΩCM =
N∑
α=1
Ωα (B.6)
since Ωαβ has compact support while the center of mass 2-form ΩCM does not.
For every harmonic 2-form Ωαβ with compact support there is a non-trivial 2-cycle in
homology piαβ (which is compact by definition). Topologically, these cycles are 2-spheres
given by piαβ ' pi−1(Iαβ) where pi : TNN → R3 is the projection of the fibration and
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Iαβ is a path in the base that connects
−→a α and −→a β. When we take the limit R → 0
these 2-cycles become 1-chains in the base which are just the paths Iαβ. In Type IIA the
M-theory circle disappears from the description so these can be regarded as 1-cycles in
H1(R3, P ) where P is the set of points −→a α. Thus, by Poincare´-Lefschetz duality there
should be N − 1 independent 2-forms in H2(R3 − P ). Let us see this explicitly.
Consider the 2-forms Ωαβ in TNN , namely
4piΩαβ = d
(
Vα − Vβ
V
(dψ + ω)
)
− d(ωα − ωβ) (B.7)
= −R
2(Vα − Vβ)
R2V 2
dV ∧(dψ + ω) + R
RV
d((Vα − Vβ)(dψ + ω))− d(ωα − ωβ).
In the limit R→ 0 we have RV → 1, so only the last term survives which yields
Ωαβ
R→0−→ Ω˜αβ = 1
4pi
d(ωβ − ωα). (B.8)
Using eq.(B.4) we see that dΩ˜αβ = δ3(
−→r −−→a α)− δ3(−→r −−→a β) so it is a closed 2-form in
R3−P and d∗ Ω˜αβ = 0. One could think that since Ω˜αβ is given by the exterior derivative
of ωβ − ωα it is trivial in cohomology, however, the one-forms ωα are not globally well-
defined, instead they have to be defined in different patches and glued together using a
gauge transformation. Thus, an alternative way of writing this 2-form is Ω˜αβ = d
∗Hαβ
where Hαβ is a globally well-defined 3-form with a singularity of the form
1
r
at the points
−→a α and −→a β. Thus, putting everything together we have that
Ω˜αβ = d
∗Hαβ, dΩ˜αβ = δ3(
−→r −−→a α)− δ3(−→r −−→a β), d∗Ω˜αβ = 0. (B.9)
This shows that Ω˜αβ are precisely the 2-forms $
(α−β) in the main text. Since this is
a non-compact toy model there is no harmonic 2-form in Ω˜αβ which means that in flat
space any two points are linearly equivalent. When embedded in a compact model such
harmonic 2-form must be added to Ω˜αβ to ensure that it is integral.
C Generalized homology
In this appendix we give the basic definitions of the generalized homology introduced
in [45]. We refer the reader to [45] for a detailed discussion on the subject.
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The RR charges of D-branes in the presence of a NSNS H-flux are classes in twisted
K-theory but it is generally very difficult to compute them in concrete examples. On the
other hand, generalized homology captures some aspects of the RR charges beyond usual
homology and is much easier to work with.
In the context of generalized complex geometry a Dp-brane can be described as a
submanifold Σ carrying a gauge bundle F = F + B which is a generalized submanifold
(Σ,F).19 In other to define a homology theory for these objects we need to define chains
and a boundary operator that squares to zero.
Consider a Dp-brane wrapping a (p+1)-submanifold with a U(1) gauge field that may
have a Dirac monopole on a (p − 2)-submanifold Π ⊂ Σ which must satisfy ∂Π ⊂ ∂Σ.
The field strength FΠ thus satisfies
dFΠ = H|Σ + δΣ(Π) (C.1)
in the presence of a H-flux. Since FΠ should be globally well-defined we have that
P.D.[H|Σ] + [Π] = 0. (C.2)
Thus, the pair (Σ,FΠ) is a generalized submanifold and a generalized chain is defined
to be a formal sum of these pairs. We restrict the sum to contain only even or odd
dimensional submanifolds as suggested by Type IIB and IIA string theories respectively.
We define the generalized boundary operator in such a way that that its action is dual
to the action of the H-twisted exterior derivative on forms. Therefore, inspired in the CS
action for a D-brane, we associate a current j(Σ,FΠ) to each chain by
j(Σ,FΠ)(C) ≡
∫
Σ
C|Σ ∧ eFΠ (C.3)
where C is an arbitrary polyform of definite parity. The derivative dH = d+H ∧ acts on
the current in the following way
(dHj(Σ,FΠ))(C) =
∫
Σ
dHC|Σ ∧ eFΠ =
∫
∂Σ
C|Σ ∧ eFΠ|∂Σ −
∫
Π
C|Π ∧ eFΠ|Π (C.4)
where we used Stokes’ theorem. Thus,
dHj(Σ,FΠ) = j(∂Σ,FΠ|∂Σ) − j(Π,FΠ|Π) (C.5)
19We restrict ourselves to abelian D-branes.
51
so we define the generalized boundary operator ∂ˆ by imposing
dHj(Σ,FΠ) = j∂ˆ(Σ,FΠ) (C.6)
which leads to
∂ˆ(Σ,FΠ) ≡ (∂Σ,FΠ|∂Σ)− (Π,FΠ|Π). (C.7)
One can check that ∂ˆ2 = 0 which allows to define the generalized homology as Ker(∂ˆ)/Im(∂ˆ).
In order to preserve RR gauge invariance D-branes can only wrap generalized chains
that are closed [45]. Then for any two generalized cycles that are in the same homology
class there is a physical process that connects them although it may not be energetically
favorable. In order to define the energy of a generalized cycle one can introduce a gener-
alized calibration [45]. Of particular relevance for our discussion is the effect of dissolving
D(p-2)-branes in Dp-branes which is nicely captured in this formalism since both situa-
tions correspond to different representatives of the same homology class as is shown in
the main text.
D Details on the computation of j(S,F)
Here we derive the equation (3.27) starting with the generalized chain (S,F) and show it
has all the desired properties.
First, one can check that a change in S ′a, F ′a or Ba corresponds to choosing a different
generalized chain (S′,F′) = (S,F) + ∂ˆ(s, f) so the associated current is j(S′,F′) = j(S,F) +
d j(s,f). Since γI is harmonic we have that d j(s,f)(γI) = 0 which shows that our result is
independent of all these choices.
Now we take the limit where Ba and Bb go to zero that yields a simpler and more
transparent expression which is manifestly independent of S ′a, F ′a or Ba. Let us focus on
the contribution due to ∂ˆ[−(Ba, F˜a) + (Ba, F˜Πa)], namely
j(S,F)(γI) ⊃
∫
B
γI ∧ (F˜Π − F˜). (D.1)
where we dropped the subscript a to simplify the notation. Let us define H = F˜Π − F˜
which satisfies
dH = δ3B(Π), H|S = −F , H|S′ = 0. (D.2)
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We have that B = S × IL with IL an interval of length L with coordinate t ∈ [0, L] and
a slicing of B in St with S0 = S and SL = S
′. Since the integral above does not depend
on B it can not depend on L so we may take the limit L → 0 to make it manifestly
independent of B. We define
γI = γI |St + γ˜I (D.3)
H = H|St + H˜. (D.4)
The equation for H translates into
dS(H|St) + dIL(H|St) + dSH˜ = δ2S0(Π)∧ δ(t)dt, H|S0 = −F , H|SL = 0 (D.5)
where we used the fact that d = dIL + dS with dIL and dS the exterior derivatives on IL
and St respectively. From the boundary conditions for H we find that
lim
L→0
dS(H|St) = 0, lim
L→0
dIL(H|St) = F ∧ δ(t)dt. (D.6)
Thus, the differential equation for L→ 0 is
dSH˜ = (δ2S0(Π)−F)∧ δ(t)dt (D.7)
so we necessarily have that
lim
L→0
H˜ = − 1
2pils
AΠ ∧ δ(t)dt (D.8)
with AΠ a 1-form in S that satisfies
1
2pils
dSAΠ = F − δ2S(Π). (D.9)
Going back to the integral (D.1) we find∫
B
γI ∧ (F˜Π − F˜) =
∫
S×IL
(γI |St ∧ H˜ + γ˜I ∧H|St) (D.10)
where only the first term contributes in the limit L→ 0 since it contains a delta function
unlike the second one. Therefore,∫
B
γI ∧ (F˜Π − F˜) = − 1
2pils
∫
S×IL
γI |S ∧ A˜Π ∧ δ(t)dt = 1
2pils
∫
S
γI ∧ A˜Π. (D.11)
Notice there is minus sign due to the orientation of S in ∂B = S ′ − S.
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Using this result we may write
j(S,F)(γI) =
∫
Σ
γI +
1
2pils
(∫
Sa
γI ∧AΠa −
∫
Sb
γI ∧AΠb
)
. (D.12)
The only thing left is to show that (D.12) is independent of the choice of Πa and Πb.
Consider Π′a = Πa + ∂σa and Π
′
b = Πb + ∂σb which also changes Σ into Σ
′ = Σ + σa − σb.
One can readily show that the formula above is independent of σa and σb. Finally, a
change Σ′ = Σ + pi with pi a closed 3-cycle in M6 does change the expression above but
just by integer number which can be interpreted as a redefinition of the U(1) sector.
As a further check of this result let us derive eq.(3.16) starting from j(S,F)(γI) when
[Fa] = [Fb] ∈ H2(S). More explicitly, we show that∫
Γ
γ ∧ F˜ =
∫
Σ
γ +
∫
Ba
γ ∧Ha −
∫
Bb
γ ∧Hb. (D.13)
Since nothing depends on Ba and Bb we choose Ba = −Bb = −Γ. Also, since [Fa] =
[Fb] ∈ H2(S) we have that we may take Σ ⊂ Γ so∫
Σ
γ +
∫
Ba
γ ∧Ha −
∫
Bb
γ ∧Hb =
∫
Γ
γ ∧ (δ2Γ(Σ)−Ha +Hb). (D.14)
The quantity Q ≡ δ2Γ(Σ) +Ha −Hb satisfies the equation
dQ = δ3Sb(Πb)− δ3Sa(Πa) + dδ2Γ(Σ) = 0 (D.15)
where we used dδ2Γ(Σ) = δ
3
Γ(∂Σ) = δ
3
Sa
(Πa) − δ3Sb(Πb). The boundary conditions are
Q|Sa = Fa and Q|Sb = Fb so Q = F˜ .
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